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Abstract—This paper proposed a tensor completion algorithm
by tracking the Parallel Factor (PARAFAC) decomposition of
incomplete third-order tensors with one dimension growing with
time. The proposed algorithm first tracks a low-dimensional
subspace, then updates the loading matrices of the PARAFAC
decomposition. Simulation results showed that the algorithm is
reliable and fast, in comparison to the state-of-the-art PARAFAC
Weighted OPTimization algorithm.

I. INTRODUCTION

Parallel Factor (PARAFAC) decomposition is a popular tool

to analyze and process data represented by a higher-order

tensor structure. Drawbacks of the state-of-the art PARAFAC

algorithms are high complexity and batch mode operation and,

thus, they may not be suitable for applications with streaming

data or real time processing constraint. To overcome the

complexity drawback when dealing with higher-order tensors

of streaming data, Nion et al. proposed an adaptive algorithm

in [1] and applied it in audio processing [2]. Recently, Nguyen

et al. [3] have developed a faster algorithm for adaptive

PARAFAC decomposition, with linear complexity.

Moreover, when the tensor data are also incomplete, i.e.

the data are only acquired/observed partially, and under the

assumption that the vectorized form of each slice of the

tensor lives in a low-dimensional subspace, Mardani et al. [4]

proposed an efficient algorithm for tensor completion that has

two stages: (i) track the low-dimensional subspace using the

exponentially weighted least-squares criterion regularized by

the nuclear norm, and (ii) estimate the loading matrices in

PARAFAC decomposition of low-rank incomplete tensor and

hence complete the tensor.

Inspired by the algorithm of Mardani et al., we also develop

a two-stage algorithm to perform completion of incomplete

third-order tensors in this paper. In the first stage, we use the

Parallel Estimation and Tracking by REcursive Least Squares

(PETRELS) algorithm proposed by Y. Chi et al. [5] to track the

low-dimensional subspace. Unlike Mardani’s algorithm, the

cost function in our algorithm is solved by using the second-

order stochastic gradient descent method. This algorithm is

fast and has advantages in large-scale data [6]. For the second

stage, we apply the algorithm proposed by Nion et al. [1].

This paper is organized as follows. Section II describe the

proposed adaptive PARAFAC model for incomplete streaming

data. Section III describes the adaptive PARAFAC decom-

position algorithm and the PETRELS algorithm for partial

observations which later faciliate the development of the

proposed algorithm in Section IV-A. Section IV-B provides

the simulation results of proposed algorithm in comparison

with the CANDECOMP/PARAFAC Weighted OPTimization

algorihtm (CP-WOPT) proposed by Acar et al. in [7], which

is a batch PARAFAC algorithm.

Notations in use: Bold uppercase (i.e., X), bold lowercase

(i.e., x) and bold calligraphic letters (i.e., X ) will denote

matrices, column vectors, and tensor, respectively. Operators

(·)T , (·)†, �, ∗, ◦ denote matrix transposition, matrix pseudo-

inverse, Khatri-Rao product, point-wise vector multiplication

and outer vector product, respectively.

II. ADAPTIVE PARAFAC MODEL FOR INCOMPLETE

STREAMING DATA

A third-order tensor, X ∈ R
I×J×K is called rank-one

tensor if it can be written as the outer-product of three vectors

as follows:

X = a ◦ b ◦ c. (1)

It means that all elements of X are defined by xijk = aibjck,

for all values of the indices.

The PARAFAC decomposition of tensor X is a decompo-

sition of X as a sum of a minimal number R of rank-one

tensors as

X =
R∑

r=1

ar ◦ br ◦ cr, (2)

where R is called the rank of X , and matrices A =
[a1, . . . ,aR] ∈ R

I×R, B = [b1, . . . ,bR] ∈ R
J×R, C =

[c1, . . . , cR] ∈ R
K×R are called the loading matrices.

A tensor can be written in matrix form [2], such as X(1) of

size IK × J , whose elements are defined by X
(1)
(i−1)K+k,j

=
xijk. Then, the PARAFAC decomposition in (2) can be ex-

pressed in matrix form as

X(1) = (A�C)BT . (3)

In this paper, we consider third-order tensors that have

1 < R < min(I, J,K) so that their PARAFAC decomposition

is essentially unique (up to scales and permutation), almost

surely [1].

We now build an adaptive PARAFAC model for incom-

plete streaming data as follows. Consider a third-order tensor

X (t) ∈ R
I×J(t)×K , where I and K are constants and J(t)

increases with time. At time t, a new slice with partial
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observation is added to the tensor (see Figure 1 for more

details). In the vectorized representation, the new slice is

represented as a vector which is seen as a new column of

X(1)(t) in Equation (3). The tensor X (t) at time t is obtained

from the tensor X (t− 1) at time t− 1 by adding a new slice

along dimension t. In other words, we have J(t) = J(t−1)+1
and, using the unfolding representation of the tensor, X(1)(t)
is given by

X(1)(t) =
[
X(1)(t− 1) x(t)

]
, (4)

where x(t) is the vectorized representation of the new slice.

Next, we will combine the model of adaptive PARAFAC de-

composition proposed by [1] and the model of incomplete data

in [5] to form our model of adaptive PARAFAC decomposition

of incomplete streaming data.

Following the model in (3), we achieve an adaptive

PARAFAC decomposition with

X(1)(t− 1) = [A(t− 1)�C(t− 1)]BT (t− 1) (5a)

X(1)(t) = [A(t)�C(t)]BT (t). (5b)

From the above, the vectorized representation of the new slice

x(t) is given by [1]

x(t) = [A(t)�C(t)]bT (t), (6)

where bT (t) is the t-th column of BT (t).
In the situation of partial observations, the new slice at time

t of the incomplete data, x̃(t), can be modeled as [5]

x̃(t) = p(t) ∗ x(t), (7)

where p(t) is an observation mask vector such that pi(t) = 1
if the i-th entry of x(t) was observed and pi(t) = 0 if it was

not observed.

Given the tensor X (t − 1) at time t − 1, the partial data

x̃(t) and the corresponding mask p(t) at time t, our goal is

to estimate bT (t), then to update the loading matrices A(t)
and C(t) and, thus, to recover the full tensor X (t) at time t.

In the above model for adaptive PARAFAC decomposition

of incomplete streaming data, i.e. the set of Equations (4), (5),

(10) and (7), we use the following two assumptions:

A1: The loading matrices A(t) and C(t) change slowly

between two successive observations, as in [1].

A2: The set of vectors {x(τ)}tτ=1 live in a low-dimensional

subspace whose rank is upper-bounded by R and changes

slowly over time, as in [5].

To facilitate our proposed algorithm in Section IV, we will

next briefly describe the adaptive PARAFAC decomposition

algorithm in [1] and the PETRELS algorithm in [5] for partial

observations.

III. RELATED WORKS

A. Adaptive PARAFAC decomposition

An adaptive PARAFAC decomposition algorithm is pro-

posed by Nion et al. in [1] for third-order tensors that have one

dimension varies with time, i.e. X (t) ∈ R
I×J(t)×K , where I

and K are constants. The goal of this adaptive PARAFAC

algorithm is to estimate the time-varying loading matrices

t = 2t = 1K

I

J(t)

Fig. 1. Third-order tensor with size of I × J(t)×K. At time t, new slice
adding with partial observation.

A(t), B(t) and C(t) at time t based on the past t − 1
observations.

By setting H(t) = A(t) � C(t), the mode-1 unfolding

matrix X(1)(t) in (5b) is rewritten as

X(1)(t) = H(t)BT (t). (8)

Under Assumption A1 (in Section II), we can approximate

H(t) by H(t − 1), where H(t − 1) = A(t − 1) �C(t − 1).
Then, BT (t) can be expressed as

BT (t) ≈
[
BT (t− 1) bT (t)

]
. (9)

Therefore, according to (10), we have

x(t) = H(t)bT (t). (10)

It means that, given the new data slice x(t) at time t, we only

need to estimate bT (t), then update BT (t), and estimate the

other loading matrices A(t) and C(t).

B. PETRELS for Partial Observations

The PETRELS algorithm is proposed by Chi et al. in [5]

to estimate low-dimensional subspaces adaptively from partial

observations. PETRELS works under the Assumption A2 (in

Section II). At time τ , partial observation x̃τ can be expressed

as

x̃τ = p(τ) ∗ x(τ) = P(τ)x(τ), (11)

where x(τ) is the data vector of length IK to be observed,

p(τ) = [p1(τ), p2(τ), . . . , pIK(τ)]
T

is the observation mask

vector as defined in Section II, and P(τ) is the masking matrix

deduced from p(τ) by P(τ) = diag {p(τ)}.

Given the input sequence of incomplete observations via

the set of pairs {(x̃τ ,pτ )}
t
τ=1, PETRELS give two outputs

for time t: (i) the IK × R matrix H(t) which in turn gives

the corresponding low-dimensional subspace as the span of

the column vectors of H(t), and the coefficient vector bT (t).
At time t, H(t) is obtained by solving

H(t) = argmin
H∈RIK×R

t∑
τ=1

λt−τfτ (H), (12)

where

fτ (H) = min
bT

∥∥P(τ)
(
x(τ)−HbT (τ)

)∥∥2
2
, (13)

and λ, with 0 � λ < 1, is a forgetting factor.
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In (13), bT (τ) is given by

b̂T (τ) = min
bT∈RR

∥∥P(τ)
(
x̃τ −H(τ − 1)bT

)∥∥2
2

=
[
HT (τ − 1)P(τ)H(τ − 1)

]†
HT (τ − 1)x̃τ (τ),

(14)

and x(τ) is then estimated as

x(τ) = H(τ − 1)b̂T (τ), (15)

where H(τ − 1) has already been obtained at time t− 1.

Then, H(t) in (12) is estimated row-wise, that is the m-th

row of H(t) is obtained by solving

hm(t) = argmin
hm

t∑
i=1

λt−ipm(i)
(
xm(i)− b̂(i)hm

)2

, (16)

with m = 1, 2, . . . , IK.

Setting the derivative of (16) to zero leads to

Dm(t)hm(t) = sm(t), (17)

where

Dm(t) =
t∑

i=1

λt−ipm(i)b̂T (i)b̂(i)

sm(t) =

t∑
i=1

λt−ipm(i)xm(i)b̂T (i).

Hence, hm(t) is given by

hm(t) = D†m(t)sm(t), (18)

and can be computed adaptively as

hm(τ) = hm(τ − 1)+

pm(τ)[xm(τ)− b̂(τ)hm(τ − 1)]λ−1vm(τ)β−1
m (τ), (19)

where

βm(τ) = 1 + λ−1b̂(τ)D†m(τ − 1)b̂T (τ),

vm(τ) = λ−1D†m(τ − 1)b̂T (τ),

D†m(τ) = λ−1D†m(τ − 1)− pm(τ)β−1
m (τ)vm(τ)vT

m(τ).

IV. PROPOSED ADAPTIVE PARAFAC FOR TENSOR

COMPLETION

A. Proposed Algorithm

We proposed a new adaptive algorithm for third-order tensor

completion via adaptive PARAFAC decomposition. Given the

estimated loading matrices A(t− 1), B(t− 1) and C(t− 1)
at time t−1, the new incomplete data slice x̃(t) at time t and

its corresponding observation mask matrix P(t), the forgetting

factor λ, the proposed algorithm proceeds as follows:

• Estimate the low-dimensional subspace as column sub-

space of H(t) and

• Update the loading matrix B(t) and estimate the loading

matrices A(t) and C(t) of X (t).

In detail, the algorithm includes the following three steps:

Step 1 – Estimate b̂T (t) and H(t)

To estimate b̂T (t) and H(t), we use PETRELS with the

following input parameters: H(t− 1) = A(t− 1)�C(t− 1),
x̃(t), P(t) and λ.

Step 2 – Extract A(t) and C(t) from H(t)

We extract A(t) and C(t) from H(t) using the bi-SVD

method similar to the one in [1]:

ai(t) = HT
i (t)ci(t− 1), (20)

ci(t) =
Hi(t)ai(t)

‖ Hi(t)ai(t) ‖
, (21)

with i = 1, . . . , R.

Step 3 – Update B(t) from B(t− 1)

The loading matrix B(t) is updated from B(t−1) by adding

b̂T (t) as t-th row of B(t− 1) according to (9).

Finally, to complete the tensor from incomplete observa-

tions, we can recover x(t) using x(t) = [A(t)�C(t)]bT (t).
We note, however, that if we try to recover x(t) at all

time instants, it might not be necessary while increasing the

computational complexity. Such a situation can be seen in

Magnetic Resonance Imaging (MRI) wherein the radiologist

may only need to observe the MRI images at some particular

times. Therefore, only when needed then x(t) should be

recovered.

B. Experimental Results

In this section, we implement the proposed algorithm and

compare its performance with that of the CP-WOPT algorithm

in [7]. CP-WOPT is done in Tensor Toolbox [8], in conjunction

with Poplano Toolbox [9].

In the simulation, we use a time-varying PARAFAC model

which is generated at each time as

A(t) = (1− εA)A(t− 1) + εANA(t), (22)

C(t) = (1− εC)C(t− 1) + εCNC(t), (23)

where A(t), NA(t), C(t), NC(t) are random matrices whose

entries follow the standard normal distribution N (0, 1), con-

stants εA and εC are used to control the variation of A(t)
and C(t) between two successive observations, and b(t)
is a random vector whose entries follow the N (0, 1). To

simulate the partial observation at each time t, we generate the

observation mask vector p(t) at random (with ρ% of missing

entries), and then create the input data x̃(t) by

x̃(t) = p(t) ∗ ([A(t)�C(t)]bT (t)).

Other parameters of the proposed algorithm are listed in

Table I.

TABLE I
PARTICULAR PARAMETERS SET IN OUR EXPERIMENT

I K T R εA εC λ ρ

20 25 500 8 10−3 10−3 0.8 60 %
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Fig. 2. STD of A, with R = 8 and ρ = 60%.
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Fig. 3. STD of C, with R = 8 and ρ = 60%.

While CP-WOPT is a batch algorithm, for a fair comparison

with the proposed algorithm we use CP-WOPT in an adaptive

way such that at time t the input of CP-WOPT is the output

of CP-WOPT at time (t− 1).
The performance criteria for the estimation of A(t) and

C(t), are measured by the standard deviation (STD) between

the true loading matrices and their estimates Aes(t) and Ces(t)
up to scale and permutation at each time, as defined as

STDA(t) =‖ A(t)−Aes(t) ‖F , (24)

STDC(t) =‖ C(t)−Ces(t) ‖F . (25)

The criterion for x(t) is defined as

STDx(t) =‖ x(t)− xes(t) ‖F , (26)

where xes(t) is the estimate of the vectorized representation

of the slice x(t) at time t.

The simulation results give STDA(t) and STDC(t) of CP-

WOPT and the proposed algorithm as shown in Figures 2

and 3, STDx(t) as shown in Figure 4, the execution time of

tracking as shown in Figure 5.
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Fig. 4. STD of x, with R = 8 and ρ = 60%.
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Fig. 5. Execution time of tracking, with R = 8 and ρ = 60%.

It is obvious that while our algorithm is reliable, as the

standard deviations of STDA(t), STDC(t) and STDx(t) are

around 10−1, it has a better execution time than that of CP-

WOPT.

V. CONCLUSIONS

We have proposed a new algorithm to track the PARAFAC

decomposition of third-order tensors adaptively by first es-

timating the low-dimensional subspaces and then estimating

the loading matrices in PARAFAC decomposition. The target

subspace is ideally equivalent to the column space of H(t)
which is the Khatri-rao product of A(t) and C(t). We know

that the estimate of H(t) is not always in the Khatri-rao

product form, and thus, for tensor completion, we can use

H(t), instead of (A�C), as the input matrix for tracking

to improve the performance. In some applications, one may

only need to estimate the new slice of data but the PARAFAC

decomposition, and thus we can use H(t) directly in the same

way. On the other hand, we can exploit the Khatri-rao product

form of H(t) to reduce the computational complexity of the

proposed algortihm.
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