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This paper presents a new approach - using analytical solution to investigate nonlinear dynamic response
and vibration of imperfect functionally graded carbon nanotube reinforced composite (FG-CNTRC) double
curved shallow shells. The double curved shallow shells are reinforced by single-walled carbon nanotubes
(SWCNTs) which vary according to the linear functions of the shell thickness. The shells are resting on
elastic foundations and subjected to blast load and temperature. The shell’s effective material properties
are assumed to depend on temperature and estimated through the rule of mixture. By applying higher
order shear theory, Galerkin method and fourth-order Runge-Kutta method and the Airy stress function,
nonlinear dynamic response and natural frequency for thick imperfect FG-CNTRC double curved shallow
shells are determined. In numerical results, the influences of geometrical parameters, elastic foundations,
initial imperfection, temperature increment and nanotube volume fraction on the nonlinear vibration
of the FG-CNTRC double curved shallow shells are investigated. The proposed results are validated by
comparing with those of other authors.

Elastic foundations

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

Carbon nanotube-reinforced composites (CNTRCs) are an emerg-
ing class of new materials that are being developed to take ad-
vantage of the high tensile strength and electrical conductivity of
carbon nanotube materials. Therefore, the problems of thermal-
mechanical properties of CNTRCs have attracted increasing re-
search effort. Zhang and Liew [1] presented post-buckling analysis
of FG-CNTRC plates resting on Pasternak foundations. Shen [2] in-
vestigated thermal post-buckling analysis for nanocomposite cylin-
drical shells reinforced by SWCNTs subjected to a uniform temper-
ature rise. Griebel and Hamaekers [3] examined the elastic moduli
of polymer-carbon nanotube composites by molecular dynam-
ics simulations of a SWCNT embedded in polyethylene. Kolahchi
et al. [4] dealt with wave propagation of embedded viscoelastic
FG-CNT-reinforced sandwich plates integrated with sensor and ac-
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tuator based on refined zigzag theory. Zhang et al. [5] considered
the problem of the free vibration of FG-CNT reinforced compos-
ite moderately thick rectangular plates with edges elastically re-
strained against transverse displacements and rotation of the plate
cross section. Mirzaei and Kiani [6] studied free vibration char-
acteristics of composite plates reinforced with single walled car-
bon nanotubes. The bending, vibration and buckling of embedded
nano-sandwich plates based on refined zigzag theory, sinusoidal
shear deformation theory, first order shear deformation theory
and classical plate theory are investigated in work [7] of Kolahchi.
Han and Elliott [8] analyzed molecular dynamics simulations of the
elastic properties of polymer/carbon nanotube composites. Further,
Song et al. [9] researched the vibration characteristics of CNT re-
inforced functionally graded composite cylindrical shells. Aragh et
al. [10] considered natural frequencies characteristics of a continu-
ously graded carbon nanotube-reinforced cylindrical panels based
on the Eshelby-Mori-Tanaka approach. Lei et al. [11] studied buck-
ling behavior of FG-CNTRC laminated plate using the first-order
shear deformation theory. Shen and Xiang [12,13] introduced in-
vestigations on the nonlinear bending analysis and the large am-
plitude vibration behavior of CNTRC cylindrical panels resting on
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elastic foundations in thermal environments. Mirzaei et al. [14]
investigated linear thermal buckling of a composite conical shell
made from a polymeric matrix and reinforced with carbon nan-
otube fibers. Kolahchi et al. [15] investigated nonlinear dynamic
stability analysis of embedded temperature-dependent viscoelas-
tic plates reinforced by single-walled carbon nanotubes. Zhang et
al. [16] presented a first known investigation on the geometri-
cally nonlinear large deformation behavior of triangular FG-CNTRC
plates under transversely distributed loads.

Noted that in all above mentioned references about FG-CNTRC
plates and shells, the authors used finite element methods, analyt-
ical solution has not been yet considered.

The studies of the behaviors of composite structures under blast
load have been taken much attention of researchers in the word.
Zhu and Khanna [17] studied the dynamic response of a novel
laminated glass panel using a transparent glass fiber-reinforced
composite interlayer under blast loading. Analytical approaches to
obtain maximum deformations (center) of the double skin facades
panels subjected to blast pressures are presented by Ding et al.
[18]. Zhang et al. [19] considered experimental investigations on
the laser-welded triangular corrugated core sandwich panels and
equivalent solid plates subjected to air blast loading; and Flores-
Johnson et al. [20] introduced a multi-layered composite inspired
by the hierarchical structure of nacre and made of layers of alu-
minum alloy AA 7075 bonded with toughened epoxy resin for blast
resistant applications. Lam et al. [21] developed existing knowl-
edge on the modeling of blast pressure for engineering appli-
cations. Micallef et al. [22] studied the dynamic performance of
simply-supported rigid-plastic circular steel plates subjected to lo-
calized blast loading. Recently, Yao et al. [23] analyzed anti-blast
performance and damage characteristics of reinforced concrete
slab with different reinforcement ratios through both blast exper-
iments and numerical simulations. Arablouei and Kodur [24] pre-
sented a fracture mechanics-based numerical approach for quan-
tifying delamination of spray-applied fire-resistive material from a
steel beam-column subjected to a blast loading. Based on Reddy’s
higher-order shear deformation plate theory, Duc et al. [25] inves-
tigated the nonlinear dynamic response and vibration of imperfect
FGM thick plates subjected to blast and thermal loads resting on
elastic foundations. Pickerd et al. [26] conducted a series of small-
scale internal blast experiments to assess the structural response
and failure mechanisms of metal containers subjected to inter-
nal blast loading, for the enhancement of Vulnerability/Lethality
modeling. Phuong et al. [27] developed a finite element model to
understand the deformation and failure mechanisms of a multi-
layered elastomer/fibre-reinforced polymer composite panel under
blast. Linz et al. [28] used the von Karman theory for large de-
flections of plates to simulate the effect of large explosions on
laminated glazing.

The change of the temperature in the structural and non-
structural member causes thermal stress is defined as the effect
of thermal load with temperature dependent properties. In the
recent years, many investigations have been carried out on the
nonlinear static and dynamic responses of composite structures.
Eshraghi et al. [29] introduce solution methods capable of treat-
ing static bending and free vibration problems involving thermally
loaded functionally graded annular and circular micro-plates. Duc
[30] presented an analytical investigation on nonlinear thermal dy-
namic behavior of imperfect functionally graded circular cylindrical
shells eccentrically reinforced by outside stiffeners and surrounded
on elastic foundations using the Reddy’s third order shear de-
formation shell theory in thermal environment. Mirsalehi et al.
[31] evaluated the buckling of a thin FGM microplate subjected
to mechanical and thermal loading using the spline finite strip
method, based on modified couple stress theory. Buckling behav-
iors of shear deformable grid-stiffened functionally graded cylin-

drical shells under the combined compressive and thermal loads
are investigated by Sun et al. [32]. Bich et al. [33] presented an
analytical approach to investigate the nonlinear dynamic response
and vibration of imperfect eccentrically stiffened FGM thick dou-
ble curved shallow shells on elastic foundations using both of the
first order shear deformation theory. Guo et al. [34] developed an
interaction energy integral method is developed for the finite el-
ement evaluation of the T-stress in non-homogeneous materials
under thermal loading. Warminska et al. [35] focused on dynamics
of a composite beam subjected to thermal and mechanical load-
ings.

Up to date, to best of the authors’ knowledge, there has been
recently no publication using analytical approach to investigate
the static and dynamic behaviors of imperfect FG-CNTRC double
curved shallow shells. A novelty of this study is that the using
analytical solution and Reddy’s third order shear deformation the-
ory to study the nonlinear vibration of imperfect thick FG-CNTRC
double curved shallow shells subjected to the combination of blast
load and temperature. The advantage of the present analytical
method is that dynamic response and frequencies are presented
explicitly by the geometric parameters and material properties of
the structure, as well as the extrinsic force and temperature, so we
can design and modify these parameters properly to actively con-
trol the dynamic behavior of the shells. In this work, the shell’s
effective material properties are assumed to depend on temper-
ature and estimated through the rule of mixture. Numerical re-
sults for dynamic response of the FG-CNTRC double curved shallow
shells are obtained by Galerkin method fourth-order Runge-Kutta
method.

2. Determination of the elastic modules and the thermal
expansion coefficients of CNTRCs

In this study, the FG-CNTRC material is made of Poly (methyl
methacrylate), referred to as PMMA, reinforced by (10, 10) SWC-
NTs. The effective Young’s and shear modulus of the FG-CNTRC
material are determined as [1,2,12-14,16]

Ein=m VCNTE?]VT + VimEnm
. _Var  Vn

Ex  EQT T En

m _Var  Vn

Gz GHT Gm

where ESMT, ESNT GXOT are Young's and shear modulus of the CNT;
Em G are mechanical properties of the matrix. Veyr and Vi, are
the volume fractions of the CNT and the matrix, respectively and
n; (i=1,3) are the CNT efficiency parameters.

The volume fractions of the CNT and the matrix are assumed
to change according to the linear functions of the shell thickness.
Three types of FG-CNTRCs, i.e. FG-V, FG-O and FG-X, are consid-
ered. Specifically, the volume fractions of the three distribution
types are expressed as follows [6,14,16]

2Vi(1-2%) (FG-0)

Vanr(2) = § avi 2 (FG-X) @)
Viqg(1+22)  (FG-V)
Vin(2) =1-Venr(2)
where
WCNT
VéNT = (3)

Went + (OeNT/ Pm) — (OCNT/ Pm) WeNT

in which wepnr is the mass fraction of CNTs, and pcnr and p, are
the densities of CNT and matrix, respectively.
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Fig. 1. Geometry and coordinate system of FG-CNTRC double curved shallow shells
on elastic foundations.

Except Poisson’s ratio, the material properties of the matrix are
assumed to express as linear functions of temperature [1,2,12-14,
16]

VU = 0.34
otm = 45(1 + 0.0005AT) x 10~6/K (4)
Em = (3.52 — 0.0034T) GPa

with T =Ty + AT, AT is the temperature increment in the envi-
ronment containing the material and Top = 300 K (room tempera-
ture).

For the CNT, the material properties of (10,10) SWCNTs are
highly dependent to temperature. Shen and Xiang [12] reported
these properties at five certain temperature levels, i.e. T =300 K,
400 K, 500 K, 700 K, 1000 K. Specifically, Young’s modulus, shear
modulus and thermal expansion coefficient of SWCNTs are listed
in Table 1. The Poisson’s ratio of SWCNTs is chosen to be constant
v =0.175.

The CNT efficiency parameters n; (i =1, 3) used in Eq. (1) are
estimated by matching Young’'s modulus Ei; and Ej; and the
shear modulus Giz of FG-CNTRC material obtained by the ex-
tended rule of mixture to molecular simulation results [1,2,12-14,
16]. For three different volume fraction of CNTs, these parame-
ters are as: 11 = 0.137,1n = 1.022,7n3 = 0.715 for the case of
Vinr =0.12 (12%); n1 =0.142, 2 = 1.626, n3 = 1.138 for the case
of Viyr =0.17 (17%) and nq = 0.141, 52 = 1.585, 13 = 1.109 for
the case of V§y; =0.28 (28%).

The effective Poisson’s ratio depends weakly on temperature
change and position and is given as [1,2,12-14,16]

CNT
V12 = VéNT"]z + Vimvm (5)
where VSN and v, are Poisson’s ratio of the CNT and the matrix,

respectively.

The thermal expansion coefficients in the longitudinal and
transverse directions of the CNTRCs are expressed by [1,2,12-14,
16]

VCNTE%VTO(ﬂVT + Vm Emam
VntENT + Vi Epy (6)

022 = (1 + v]CéVT) VCNTO‘ZCI;T + (1 + V) Vinatm — vi20011

a1 =

with oM, oS and oy are the thermal expansion coefficients of

the CNT and the matrix, respectively.
3. Theoretical formulation

Consider a FG-CNTRC double curved shallow shell of radii of

2
curvature Ry, Ry, length of edges a, A = 2122'2“ W (W + 2uh) and
n

uniform thickness h resting on elastic foundations in thermal en-
vironments. A coordinate system (x, y, z) is established in which
(x, y) plane on the middle surface of the shell and z on thickness
direction (—h/2 <z <h/2) as shown in Fig. 1.

In this study, third order shear theory is used to derive basic
equations to investigate the nonlinear vibration of thick FG-CNTRC

double curved shallow shells on elastic foundations subjected to
blast and thermal loads.

The geometrical compatibility equation for an imperfect FG-
CNTRC double curved shallow shell is defined as [39-42]

2,0 2,,0
3282 9%¢ey B 9 ¥xy
ay? ax2 X3y

_*w? 9w atw 2w Zw* 32w 9w
T 9xdy  9x2 9y? axdy dxdy  9x2 dy?
3w atw* 1 32w 1 3w
- (7)
ay2 09x? Rx 0y?> Ry, 0x?

in which imperfection function w*(x, y) denotes initial small im-
perfection of FG-CNTRC shell.

The nonlinear equilibrium equation of thick FG-CNTRC double
curved shallow shells are written as [39-42]

Ny Ny —3%u —3%¢py — 3w
=h—+hLh—=—3—— 8a
ox oy Mar TR T Bhaax (8a)
AN aN, —3%v —9? L
— _y=1T_V+12ﬂ_§ w (8b)
ax ay a2 at2 at2dy
] 9 dRx OR
Qo 0Qy g (ORx | Ry
ax ay ax oy
3Py 3Py 3*Py\ Nx N, 32w
c 2 242 Ny—
+ ]< 9x2 + 8x3y+ ay? >+Rx+Ry ta+ * 9x2

2w 32w 5
+2nym +NyW —k]W+k2V w

=1 82W+281 8W+I_ &u +1_83¢X
— 12 o TP 0e2ax T Y ot2ox

— v 3% 4w 94w
[E Tl Ay B (T 8¢
T 55y ey O 7<3t28x2 + 8t28y2> (8¢c)
aMy M dPy 9P
S+ = - Qe 3ciRe—ar| o+t
90X ay

ax ay

—0%u 3%y
— - I '~
+ 14 92

3
_ I_SB_W (8d)

at29x
aPyy 0Py

My _ 3Ry — Iy
+ ) Qy +3ciRy C1( o + 3y

v
B 4+ —IF (Se)

in which u, v, w are displacement components corresponding to
the coordinates (x,y,z), ¢x, ¢, are the slopes of the transverse
normal about the x and y axes at z = 0, respectively, ki is Win-
kler foundation modulus, k, is the shear layer foundation stiffness
of Pasternak model, ¢ is the viscous damping coefficient and

— 21, — 21
I1=1 —_—, Ir=1 —_—,
1 1+ R, 1 1+ R,
— I3 c1ls — I3 c1ls
L=h+=—-cl4——, IL=h+—=—cil4——
2 2+Rx 114 R, 5 2+Ry 114 R,
_ c1l — c1l
13:C114—}——l 5, l;ZC]I4+—] 5,
& Ry_ (9)
L=I=I-2als+cl;, I=Il=cls—cl;
h/2
(I, 12,13, 14,15, I7) = / p2)(1,2.2%, 2,24 2)dz
—h/2

0 (2) = Venr Pent + Vi om



Table 1

D.D. Nguyen et al. / Aerospace Science and Technology 71 (2017) 360-372

363

Temperature-dependent material properties for (10, 10) SWCNTs [12].

T (K)

ENT (TPa)

ESNT (TPa)

GT (TPa)

o (x1076/K) a7 (x1076/K)

300
400
500
700
1000

5.6466
5.5679
5.5308
5.4744
52814

7.0800
6.9814
6.9348
6.8641
6.6220

1.9445
1.9703
1.9643
1.9644
1.9451

3.4584 5.1682
4.1496 5.0905
4.5361 5.0189
4.6677 4.8943
4.2800 4.7532

The blast load gq(t) is a short-term load and is generated by
an explosion or by a shock-wave disturbance produced by an
aircraft flying at supersonic speed, or by a supersonic projec-
tile, rocket or missile operating in its vicinity. It can be written
as [21]

t —bt
q(t) =1.8 Psmax<] — T—S> exp<T_s>

where the “1.8” factor accounts for the effects of a hemispheri-
cal blast, Pspmgx is the maximum (or peak) static over-pressure,
b is the parameter controlling the rate of wave amplitude decay
and Ts is the parameter characterizing the duration of the blast
pulse.

The normal strains in the middle surface of FG-CNTRC double
curved shallow shells may be expressed by

(10)

_ ) 2
€0 i——+( )
0 av w 2
Sy = W_ Ry ( ) s
0 ] a
L Vxy dy+ax+ T 3y (11)

Vix a_‘;v + ¢x
N il
| Vyz 3y t by
Based on third order shear theory, the strain-displacement re-

lations taking into account von Karman nonlinear terms and are
[42-44]

r 0 r 1 3
Ex &y ky ky
ey |=| & |+z| ky |+2| k5 |.
0 1 3
L Vxy Vxy L kxy . kxy (12)
_ 0 5 7
Vaz | | Vxz 42 Kz
Vyz y)?z kf/z i
with
— - 9
k} i
1 Oy
k 1=1 3 |
I R T
— - 0¢x
ki + ()XZ (]3)
k3 =_C % + ("ZJ
y = 1 ay 3y2 >
3
kxy a¢x + 3¢y +2 dxf)y
I k)2<z aw + ¢X
5 = —3C]
L kyz W + ¢y

Hooke’s law for a FG-CNTRC double curved shallow shell with
temperature-dependent properties is defined as [11]

Oxx Q11 Q2 O 0 0 [ exx — 11 AT 7]
Oyy Qi2Qx 0 0 O Eyy — AT
Oxy | = 0 0 Qg O 0 Exy (14)
Oxz 0 0 0 Q44 0 Exz
L O'yz i L 0 0 0 0 Q55 JL Syz i
where
E]l E22
Qu=7——"7"-—, Qu=7—"—"7"—,
1—viavn 1—v12v2
Vv21E1q 15
Qu=7——"7"—, Q44 = G23, (15)
1—v12v9
Q55 =G13, Q4 =Gz

and we assume that Gi3 = G2 and Gy3 =1.2G12 [2].
The force and moment resultants of FG-CNTRC double curved
shallow shells are given by

h/2
(Ni, Mi, Pi) = / 0i(1,2,2%)dz, i=xy,xy
—h/2
16
h/2 (16)
Qi Kp) = / o1, 2)dz, i=x.y
—h/2

Substitution of Eqgs. (12) into Eqs. (14
Egs. (16) yields the constitutive relations as

) and the result into

Ny = A1180 + A1282 + B11k} + 312/<}, +Enkd + E12’<§, -

Ny = A]z&‘g + A228§), + B12k,1( + Bzzk}, + E]zk?( + Ezzki —
Nyy = A66V)8/ + 366k;1<y + Eagkiy

My = B1180 + 3128?, + D11k} + Dlzk}, + F1ikd + Flzk‘;’, -
My = B120 + 32283 + D12k} + Dzzk}, + Fr2k2 + Fzzkf, -
Myy = 366)/,8, + Dask)](y + F66k)3(y

Py = E1]8S + E128§,’ + F11k,1( + Fuk}, + H11k§ + H]zki —

(17)

Py =E1260 + 52288 + F12k! + Fzzk}, + Hiak? + szki -
Pxy = Ec6Yyy + Fookyy + H65k):?y

Qx = A4ayy) + DaskZ,, Qy =Ass J/;,)z + Dsskf,Z

Kx = Dagyd + Fask2,, Ky = Dss)/fz + Fsskf,z

in which
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h/2
(Aij, Bij, Dij, Eij, Fij, Hij) = f Qij(1,2,2%, 2%, 2%, 2%)dz,
—h/2
ij=11,12,22,66
h/2
(A, Dy, Frg) = / Qij(1,2%, 2% dz, kl=44,55
—h/2
h/2 h/2
D = / Q1111 ATdz + / Q12022 ATdz,
—h/2 —h/2
h/2 h/2
Dy = / Q12011 ATdz + / Qa3 ATdz
—h/2 —h/2 (18)
h/2 h/2
D3 = / Q11011 ATzdz + /. Q12a22ATzdz,
—h)2 —h)2
h/2 h/2
Dy = / Q12011 ATzdz + / Qa3 ATzdz
—h)2 —h/2
h/2 h/2
&5 = / Qa1 ATZdz + / Q20 ATZ dz,
—h)2 —h/2
h/2 h/2
D = / Q12a11z3Asz+ / szdzzZBATdZ
) —h/2
From the constitutive relations (13) and (17), one can write
3% f 3% f ¢ &)
0 X y
e, =lh1— — 112 [13— +1
X 11ay2 82-1—138 +148y
2w 9
—C]I]5< + ﬂ)
0x
2w gy
—cihg|l =— + — )+ [17P1 + 13D,
ay? ay
92 92 9 9
€2=121—£—1 £+123ﬂ+14 by
X 8y ox ay
, (19)
crlps( LW 4 2
P2\ 52 T ax
2w a¢y
— 1l 02 + == ) + I27P1 + I28D;
*f Ipx | 00
0 1 XY
Vay 18x8y+ (ay + ax
52
w 0px 09y
—c1l33(2—— —
1 33< 9% + 3y + o
with
A A1z
2
A =A11An — Aly, Ill—T, 2=
B12A12 — B11A22 By A13 — B12A22
A A
E12A12 — E11A2 Ex»A12 — E12A2
Iis = ——"——, f=—"-"""",
A A
A A1z
h7="2, ILg=--2
7= 18 A
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| _An _ B11An2 — Bi2An
2= B=—
| B12A12 — BnAn E11A12 — EnnAn
UY=—, =< o
A A (20)
I — 12412 — EoAn A e = A1t
26 = A ) 27 =" 8="
I31=— R=—" 33——E66
Ags’ ’ Ass
and the Airy’s stress function f(x, y,t) is defined as [42,44]:
32 f 3 f 3 f
N = —F, N = -, = - 21
T 9y YT X2 i 0x0y 21
Imposing Eq. (21) into Eqgs. (8a) and (8b) yields
32 I; 32 I3 93
u_ _L¥ex Low (22a)
ot2 I 0t I 0t29x
92v I% 92 Ir 33w
v _ hydy b (22b)
at? I at2 I¥ at2dy
By substituting Eqs. (22a) and (22b) into Eqgs. (8c)-(8e) leads to
a d K K
Qx , 9Qy 5. (9Kx 9Ky
ax ay ax ay
2Py _3%Py, 3%P,\ 9%f 3w
c 2 —
+ ]<8x2 + 8x8y+ 8y2>+8y2 9x2
%f 32w 9%f 9%w
22— kiw + ko V2w
9x0y 0y> tae ax2 ay? ta-awtio
1 92 192
+ ——{ L
Ry dx Ry 0y?
Zw aw By = gy
=11— + 2¢l I IF
1o T T aax T 5y
= 9w = 3w
I I3 23a
Tz T 20,2 (233)
My  dMyy dPx Py
- 3c1Ky —c¢
9% 3y Qx +3c1Kx — 1 X + 3y
=8%2¢y, = 0w
=1 — I5—— 23b
a2 T P orZax (23)
oMy, OM, dPxy 0Py
—_— — 3c1Ky —c¢ —
ax ay Qy +3ciky ! 0X + ay
=0’py = 0w
=X _I 23c
3 5¢2 59t29y (23¢)
in which
L=D—- M@0, L=0- @Y.
Lh=l-Dh/h,  B=IE-5E/0F (24)
L={n2/h -3l =05 -

Inserting Eqs. (11
gives

), (13) into Eq. (17) and then into Egs. (23)
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L11(W) + L12(¢x) + L13(py) + L14(f) + S(w, ) +¢q

3w aw P = ey
=1 2¢el I I*
oz TN T haax T s aay
> tw L F dtw
e T om0,z (25)
Lot (w) + L) + Las @hy) + Laa() = o2 — I3 2V
21 22(Px 23(¢y 1 =b—7 —Isoo
— 52 _ a3
¢y = °w
L31(w L L L = X
31(W) + L32(¢x) + L33(¢y) + L34(f) = at2 5520y
in which
Lw) = X1 2 g xn 2y T W
nw) =Xn—- 12572 1353 L rery
+ X 34W kiw +k 32w+32
1557 —ki 2\ 52z T 32
I 8> ¢ 9 px
L Xi11— + X X17—=,
12060 = X117 + X163 + X17 0%y
gy Py Py
L =X + Xigs——= + X
13(dy) = X12——= 3y 187573 19533y
94 f 94 a4f
L = X110—5 + X111————= + X11
14(f) = X110 ot T X 3x297? + 2553
3% f 2w %2f 32w 3%f a%w
SW. =335 ~ T
ox axdy 9y axs dy
1 92 1 92
RETSRN,
Rx 9x2 Ry dy? (26)
Loyw) = X aw e 83W+X 3w
21(w) = Xo1 = 253 By
9% ¢y 92y
L22(¢n) = Xo16x + Xaa 73 3y?
82¢y a3f 83
L = Xog—2 . Loa(f) = X072 + Xog——s
23(y) 26 %3y 24(f) =Xa7 -5 + Xas ox0y2
Layw) = X aw e 3w e 3w
(W) =X 30 255y T X855
Py
L =X
32(¢x) 343x8y
%y %9
L33(dy) = X319y + X35 ——- +X36—2y,
ax ay
3 f 3 f
L X X3s—=
34())=Xs7 57~ 23y + X3s 3y3

and the detail of coefficients Xy; (i = 1,12), X2 (j = 1,8), X3k
(k =1, 8) may be found in Appendix A.
For an imperfect FG-CNTRC double curved shallow shell, Egs. (26)
may be transformed to the form as
L11(wW) + L12(¢x) + L13(dy) + L1a(f) + S(w, f)
32 9

+S*(w*, f)+q= ey +28118—V:
93 9 = ¥*w = iw
+s atjz)x +15 ar;giz thoma T 9t29y2
Lot (W) + Lo () + L3 (¢y) + Laa(f) + L, (w¥) (27)
=02py = 0w
=b5e ~Isgmx
L31(W) + L3a () + L33(dy) + Laa(f) + Li; (w¥)
I_azqay = 3w
3 2 3 9t29y

in which
92w a2w*
x X X12——,
(W) =Xu——- Ix2 + 127532
82 82 * 82 82 * 82 32 *
s*(wr, f)= SLIWE O w0 w (28)
dy? 9x2 0xdy 9xdy  9x2 3y?
ow* ow*
L3 (w*) = Xa1 = (w*) = 3y

Introduction of Egs. (19) into Eq. (7) gives the compatibility
equation of the imperfect FG-CNTRC double curved shallow shell
as

f f f 33 9y
171 I
1o Tingna Ty T s gy
3By 3By dtw 3w
= —c1los—r — 1116 —r
+J4 3y? +J ayax2 Mz ga —ahieyg
L 94w Zw? 32w 9w 2w 9Zw* (29)
68x28y2 xdy  9x2 ay? 0x0y 0xdy
Pwtw*  Pwtwr 1 *w 1 2w
9x2 9y? ay2 9x2 Ry 3x2 Ry 0y?
where
J1 =131 =213, J2 =123 —c1lzs,
=Ili3—c1li5 — I3+ 1l
J3=hs—cilis — I3+ 1133 (30)

Ja=Tla4—c1lis, Js =1l —c1lz6 — I32 + 1133,
Joe=—c1l1s —c1l26 +2c1133

Egs. (27) and (29) are nonlinear equations in term of variables
w, ¢x, ¢y and f and used to investigate the vibration of imperfect

FG-CNTRC double curved shallow shells under blast and thermal
loads using the third order shear theory.

4. Solution procedure

The imperfect FG-CNTRC double curved shallow shell is as-
sumed to be simply supported and subjected to blast load q.
Four edges of the shell are simply supported and immovable. The
boundary conditions are

W:u:¢y:MX:PX:Oa
W:V:¢x:My:Py:Oa

Ny=Nyo atx=0,a

(31)
Ny=Ny aty=0,b

where Ny, Ny are fictitious compressive edge loads at immovable
edges.

The mentioned conditions (31) can be satisfied identically if the
approximate solutions are chosen by [25,33,39]

w(x, y,t) W (t) sin Apxsiné, y
dx(X, ¥y, t) | = | Px(t) cosimxsind,y (32)
dy(x,y,1) @ (t) sin Apx COS Sy y

where Ay, =mm /a, §; =nm /b; m,n are odd natural numbers rep-
resenting the number of half waves in the x and y directions,
respectively; and W (t), @y, @, are the time dependent ampli-
tudes.

Concerning with the initial imperfection w* we introduce an
assumption, it has the form like the shell deflection, i.e.

w*(x, y) = phsin Amxsin 8,y (33)

in which p is imperfection parameter of the shell.
Introducing Egs. (32) and (33) into the compatibility equa-
tion (29) and solving obtained equation for unknown f leads to
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f=A1(t)cos2imx + Ax(t) cos 28,y + As(t) sinApxsinéd,y

1 1
+ =Nxoy? + = Nyox? (34)
2 2
with
2
A — " _W(W +2uh
1= 3201 ( wh),
A A W (W + 2u1h), (35)
2= 3211152 H
=QW + Q29x+ Q39
and
52 2
(& + ?3—';) + cilashy +c1l168; — Johmdy
‘l =
Lafh + J1Amda + 11187
—(J223 + J3Am82)
0, = m mOn (36)

Likm + J1AhsE + sy
_ —(Ja8s + J5hpdn)
Iaf + J1Amda + 1187

Replacing Egs. (32)-(34) into Eqs. (27) and then applying
Galerkin method to the resulting equations yields

W + 1@y + 113Dy 4+ l1a(W + uh) Dy + l15(W + uh) @y
+ [n1 = (NxoAz, + Nyod?) J(W + peh)
+mWW + wh) +nsW (W + 2uh)
FaW (W + wh)(W + 21h)

+n5q+n5<N *0 + M) =1Ip 82_W —i—2811M
Re ' Ry a2 ot
—AmE32¢x —6,1_582?/ (37)
at? at
AW + @y 4+ 123®y +n6(W + ph) +n7W(W + 2uh)
_Eaqux _Aml_sazw
ot? ot2
B1W 43Py + 133Dy 4+ ng(W + pth) +ngW (W + 2eh)
_I*aquy 57 _a w
35e 4lgE

in which the detail of coefficients l; (i =1,5),ljx (j=2,3,k=
1,3),nn (m=1,9) may be found in Appendix B.

A simply supported FG-CNTRC double curved shallow shell on
elastic foundations with all immovable edges is considered. The
shell is subjected to blast load g (Pascals) and simultaneously ex-
posed to temperature environments. The in-plane condition on im-
movability at all edges, i.e. u=0at x=0,aand v=0at y=0,b,
is fulfilled in an average sense as [25,33,39,42]

b a 9 a b 9
//—udxdy:O, //—vdde:O (38)
9x ay
00

0 0
Form Eqgs. (11) and (19) one can obtain the following expres-
sions in which initial imperfection have been included

au 9% f 9% f depx 3y
— =I1—= — I 13— + 114
ox nayz 252 + 113 ox + 114 dy

2w gy 2w gy
—cihis| — + =) =1l —
115(3x2+8x> 116(8y2+8y>

+117¢1+118¢2+K—1<8—W)—8—WBW
R 2\ ox ox 0x (39)
8—V=12182—f—1 82f+123%+1 by
ay 9x2 8y2 ax y
2 2
—ﬁhs(%—i—%)—ﬁhs(%-ﬁ-%)
w 1/0w ow ow*
+127¢1+128¢2+E_§(W)_W ay

Introduction of Egs. (32)-(34) into Eq. (39) and then the result
into Eq. (38) gives
Nxo =miW +my®y +m3®@y + mgW (W + 2uh)
+ms® + meg®;
Nyo =miW + m5®y + m3®@y, + muW (W + 2uh)
+ m§¢1 + méfpz

(40)

in which the details of m; (i =1,6) and mi (j = 1,6) may be
found in Appendix C.
Introduction of Egs. (40) into Eq. (37

rW +r12®x +r13@y + r14(W + ph) @y +ris(W + uh) o,y
+51(W + pwh) + soW(W + ph) + ssW (W + 2uh)
4+ s4aW(W + uh)(W +2uh) +nsq + ss

), we have

i W poer W, =2d,  =d*o,
ez Yo T g T s g2
AW + 2@y + L3 ®y +ng(W + ph) +nzW (W +2uh)  (41)
=92d, =3°W
=13 a2 — Amls a2
AW + 132 ®Px + 133Dy, +ng(W + wh) +ngW (W + 2u1h)
_ 2 2w
_FPPy  S0W
3 81—2 n 5 atz
with
nsm nsm¥ nsm nsms3
r=hi+—— 4 1, ra=ha+—>2 + 2,
Ry R, Ry R,
nsms n5m*
ri3=ls+ 3 ria=lig —mA2, —m3s2,
Ry R,
ri5 =115 —m3/\2 —m382 S1=ny — (m5 +m§)k2mq§1 (42)
—(m5 +m§)85¢2, Sy =ny — m1)»r2n TS%,

nsm nsm#
S3=n3 4t 24 S4 =Ng — Mgh2, —m}s2,
Ry R,
ns(ms®q1 + mgd>) n5(m’5‘<1>1 +m§q§2)
S5 = +
Ry R,

This is basic equation governing of the nonlinear vibration for
imperfect FG-CNTRC double curved shallow shells with immovable
edges subjected to blast and thermal loads. It is solved by using
the fourth-order Runge-Kutta method.

In the case of ¢ =0, the natural frequencies of the perfect shell
can be determined by solving the following equation

r3 — 5,11;(1)2

123 =0 (43)

r1+s1+lw? 12— Amlse?

b1 + 16 — Amls@? Loy + 300

I31 +ng — 8 1:§w2 l32 l33 + I:§w2
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Table 2
Comparison of linear frequencies for isotropic cylindrical panels (a =0.2794 m, b = 0.2286 m).
R (m) h (mm) (m,n) Bardell and Mead [36] Chern and Chao [37] Shen and Xiang [13] Present
24384 0.7112 (1,1) 143.8 1421 143.8 144.2
24384 1.2190 (1,1) 163.1 1614 163.2 164.4
1.8288 0.7112 (1,2) 167.2 166.7 1674 168.5
1.8288 1.2190 (1,1) 200.8 198.5 200.8 201.5
1.2192 0.7112 (1,2) 181.6 180.8 181.7 182.8
1.2192 1.2190 (1,2) 281.8 2781 2819 283.1
Table 3
Comparison of the dimensionless frequencies £2 = wh./p¢/E. for Al/Al,03 FGM cylindrical panels.
b/R N
0 0.5 1 4 10
0.5 Matsunaga [38] 0.2153 0.1855 0.1678 0.1413 0.1328
Aragh et al. [10] 0.2129 0.1817 0.1638 0.1374 0.1296
Shen and Xiang [13] 0.2169 0.1799 0.1589 0.1301 0.1204
Present 0.2186 0.1864 0.1701 0.1421 0.1335
1.0 Matsunaga [38] 0.2239 0.1945 0.1769 0.1483 0.1380
Aragh et al. [10] 0.2154 0.1848 0.1671 0.1391 0.1300
Shen and Xiang [13] 0.2329 0.1944 0.1732 0.1402 0.1286
Present 0.2335 0.1970 0.1792 0.1482 0.1395

5. Numerical results and discussion
5.1. Validation of the present study

In order to validate the accuracy of the present method, the lin-
ear frequencies of isotropic cylindrical panel and the dimensionless
frequencies of FGM cylindrical panel are compared with other re-
sults obtained by other authors.

Firstly, Table 2 shows the comparison of the linear frequen-
cies f =w/2m (Hz) for isotropic cylindrical panels (@ =0.2794 m,
b =0.2286 m) in this paper with the results presented by Bardell
and Mead [36] based on the hierarchical finite element method,
Chern and Chao [37] using the three-dimensional theory and Shen
and Xiang [13] with the higher order shear theory. The mechani-
cal properties are chosen as E =72 GPa, v = 1/3, p = 2800 kg/m>.
From the Table 2, good agreements are observed for the present
solution and the numerical results of three publications.

Next, the wvalues of the dimensionless frequencies
2 = wh./p:JE. for Al/Al;03 FGM cylindrical panels are calcu-
lated and compared in Table 3 with the 2-D higher order de-
formation theory solutions of Matsunaga [38], the differential
quadrature method results of Aragh et al. [10] and the higher
order shear theory solutions of Shen and Xiang [13]. The input
data are a/b=1,b/h =5, E11/E2 =25,G13 = G13 = 0.5E3, Gy3 =
0.2E32,v12 = 0.25 and p = 1. Again, this comparison study also
show that the present results agree very well the existing results.
5.2. Natural frequency

The effects of CNT volume fraction V&, temperature incre-
ment AT and types of FG-CNTRCs on the natural oscillation fre-
quency of the FG-CNTRC double curved shallow shell subjected to
blast and thermal loads with b/a =1,b/h = 20,Rx/h = Ry/h =
1500, © = 0.1 are shown in Table 4. It is easy to see that the
value of the natural oscillation frequency increases when the value
of CNT volume fraction increases and the value of temperature
increment decreases. The Table 4 also shows that natural oscilla-
tion frequency of FGX-CNTRC double curved shallow shell is higher
than that of FGV-CNTRC double curved shallow shell which is also
higher than the frequency of FGO-CNTRC double curved shallow
shell.

Table 5 illustrates the influences of elastic foundations, geo-
metrical parameter a/h, CNT volume fraction and types of FG-

CNTRCs on the natural frequencies of the imperfect FG-CNTRC dou-
ble curved shallow shells with immovable edges under blast and
thermal loads. First, the natural frequencies of FG-CNTRC double
curved shallow shell of type X is highest and the natural frequen-
cies of FG-CNTRC double curved shallow shell of type O is lowest
of all. Furthermore, increases of two coefficients kq, k, of elastic
foundations and decreases of CNT volume fraction, ratio a/h lead
to increases of the natural frequencies of FG-CNTRC double curved
shallow shell.

5.3. Nonlinear dynamic response

Figs. 2, 3 indicate effects of elastic foundations with two coeffi-
cients k1, ky on the dynamic response of the imperfect FG-CNTRC
double curved shallow shells subjected to blast and thermal loads.
As can be observed, the FG-CNTRC double curved shallow shell
fluctuation amplitude decreased significantly due to the support
of elastic foundations. Moreover, the beneficial effect of the Paster-
nak foundation with the shear layer stiffness k, on the dynamic
response of the imperfect FG-CNTRC double curved shallow shells
is stronger than the Winkler one with the modulus k;. One spe-
cial point is that in all figures of nonlinear dynamic response, due
to the presence of blast load, the oscillation of FG-CNTRC double
curved shallow shell is damped. Furthermore, the dynamic re-
sponse of FG-CNTRC double curved shallow shell from Fig. 2 to
Fig. 9 is investigated for type X.

Fig. 4 shows effect of temperature increment AT on the non-
linear dynamic response of the imperfect FG-CNTRC double curved
shallow shells subjected to blast and thermal loads. Obviously, an
increase of temperature increment leads to the rise of the fluctua-
tion amplitude of the shell.

The influences of initial imperfection with imperfection coeffi-
cient © on the nonlinear dynamic response of FG-CNTRC double
curved shallow shells subjected to blast and thermal loads are
shown in Fig. 5. Three values of w: 0, 0.1 and 0.3 are used. It can
be seen that the amplitude of the FG-CNTRC double curved shal-
low shell increased when the coefficient p increased.

Figs. 6-8 consider the effects of geometrical parameters b/a, b/h
and Ry/h on the nonlinear dynamic response of imperfect FG-
CNTRC double curved shallow shells subjected to blast and thermal
loads, respectively. The results from these figures show that the
fluctuation amplitude of the imperfect FG-CNTRC double curved
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Table 4

Effects of CNT volume fraction, types of FG-CNTRCs and temperature increment on natural frequencies (s—') of
the FG-CNTRC double curved shallow shell.

AT (K) Vinr =0.12 Viyr =0.17 Vi =028

FG-0 FG-V FG-X FG-0 FG-V FG-X FG-0 FG-V FG-X
0 1094 1123 1128 1137 1198 1221 1145 1206 1232
100 1052 1070 1085 1074 1120 1127 1094 1146 1157
200 1014 1020 1045 1025 1043 1067 1036 1062 1085
400 956 972 981 975 995 1017 992 1024 1063
600 931 949 964 966 991 998 973 996 1023

Table 5

Effects of elastic foundations, ratio a/h, CNT volume fraction and types of FG-CNTRCs on natural frequencies (s~!)
of the FG-CNTRC double curved shallow shell.

(k1 (GPa/m), ky (GPa.m)) a/h Viyr =0.12 Viyr =0.17
FG-0 FG-V FG-X FG-0 FG-V FG-X
(0,0) 20 198 213 225 253 338 420
(0,0) 30 142 168 176 236 284 317
(0,0) 40 136 155 164 224 271 318
(0.1,0.02) 20 887 903 925 883 932 972
(0.1,0.02) 30 695 740 786 746 769 824
(0.1,0.02) 40 671 692 743 675 718 804
10° 10°
X
6 : : : = gt : : :
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Fig. 2. Effects of the linear Winkler foundation on the nonlinear dynamic response

Fig. 4. Effects of temperature increment on the nonlinear dynamic response of the
of the imperfect FG-CNTRC double curved shallow shell subjected to blast and ther-

imperfect FG-CNTRC double curved shallow shell subjected to blast and thermal

mal loads. loads.
3
x 10 3
oL bl b0 =01 =0 x100 | |
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Fig. 3. Effects of the Pasternak foundation on the nonlinear dynamic response of
the imperfect FG-CNTRC double curved shallow shell subjected to blast and thermal Fig. 5. Effects of initial imperfection on the nonlinear dynamic response of the im-
loads. perfect FG-CNTRC double curved shallow shell subjected to blast and thermal loads.
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Fig. 6. Effects of ratio b/a on the nonlinear dynamic response of the imperfect FG-
CNTRC double curved shallow shell subjected to blast and thermal loads.
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Fig. 7. Effects of ratio b/h on the nonlinear dynamic response of the imperfect FG-
CNTRC double curved shallow shell subjected to blast and thermal loads.

shallow shells decreased when decreasing the ratio b/a,b/h and
increasing the ratio Ry/h.

Fig. 9 illustrates the nonlinear dynamic response of the imper-
fect FG-CNTRC double curved shallow shells subjected to the com-
bination of blast and thermal loads with different carbon nanotube
volume fraction (V& ). From the obtained results, we can see that
the higher the carbon nanotube volume fraction is, the lower the
amplitude of the FG-CNTRC double curved shallow shells is. This is
reasonable to the fact that the stiffness of FG-CNTRC double curved
shallow shells is larger when the proportion of CNTs by volume is
higher.

Comparison of the amplitude fluctuation for FG-CNTRC double
curved shallow shells of type X, V and O subjected to blast and
thermal loads with the same geometrical dimensions is given in
Fig. 10. As expected, the amplitude fluctuation of FG-CNTRC dou-
ble curved shallow shell of type O is highest and the amplitude
fluctuation of FG-CNTRC double curved shallow shell of type X is
lowest of all.

6. Concluding remarks
This paper used successfully analytical approach to investigate

the nonlinear vibration of imperfect thick FG-CNTRC double curved
shallow shells. The shell is assumed to rest on elastic foundations
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Fig. 8. Effects of ratio Ry/h on the nonlinear dynamic response of the imperfect
FG-CNTRC double curved shallow shell subjected to blast and thermal loads.
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Fig. 9. Effects of CNT volume fraction on the nonlinear dynamic response of the
imperfect FG-CNTRC double curved shallow shell subjected to blast and thermal
loads.
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Fig. 10. The nonlinear dynamic response of the imperfect FG-CNTRC double curved
shallow shell subjected to blast and thermal loads with different types of CNT rein-
forcements.
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and subjected to blast load and temperature. The shell’s properties
depend on temperature and change according to the linear func-
tions of the shell thickness. Governing equations are derived using
the Airy stress function and higher order shear theory taking into
account the effects of initial geometric imperfection. Then they are
solved by Galerkin method and fourth-order Runge-Kutta method.
The present numerical results are compared with other results ob-
tained from the literature. Some conclusions can be obtained from
the present analysis in this study:

(i) Carbon nanotube enhances the stiffness of FG-CNTRC double
curved shallow shells.

(ii) The initial imperfection and temperature increment strongly
negative influence on the vibration of the FG-CNTRC double curved
shallow shell.

(iii) Elastic foundations have beneficial effect on the nonlin-
ear dynamic response and natural frequencies of FG-CNTRC double
curved shallow shells. Moreover, the influence of nonlinear Paster-
nalk foundation is stronger than linear Winkler foundation.

(iv) While comparing with the amplitude fluctuation of FG-
CNTRC double curved shallow shell of type V, the amplitude fluctu-
ation of FG-CNTRC double curved shallow shell of type O is higher
and the amplitude fluctuation of FG-CNTRC double curved shallow
shell of type X is lower.

(v) The geometrical parameters have significant influences on
the nonlinear vibration of the FG-CNTRC shells.

The results achieved from stability analysis of FG-CNTRC struc-
tures will provide important data for designing and ensuring the
appropriate structure in manufacturing and safety in using. Fur-
thermore, achieved results are in the analytical form, so this study
provides scientific foundations for designers, manufacturers in ap-
plication using FG-CNTRCs. They are able to properly select the
reasonable input parameters of the structures to create preeminent
loads, thermal resistant capabilities, decrease the cracking and de-
stroying FG-CNTRC structure under heavy loads.

Funding

This research is funded by Vietnam National Foundation for Sci-
ence and Technology Development (NAFOSTED) under grant num-
ber 107.02-2015.03. The authors are grateful for this support.

Conflict of interest statement
The authors declare no conflict of interest.

Appendix A

X11 =As4 —6¢c1Dyq + 96%1’44,

X12 = As5 — 61 D55 + 9C%F55,

X3 = —C%(Enhs + Eq2125 + Hyv)

X4 = _C¥(4566133 +4Hee + E11116 + E12126 +2H12
+ E12115 + E22125)

X5 = _C%(E12116 + Exlze + Hpo),

X16 =c1(E11l13 — c1E1lis + Fi1 — c1Hi1 + E12lo3 — 1 E12125)

X17 =c1(2Ee6132 — 2c1E66133 + 2Fe6 — 2¢1Hes + C1E12113
—c1E12l15 + F12 —c1Hia + Exalaz — c1Exlas)

X1g =c1(E12l14 — c1E12l16 + Ex2l24 — c1E22126 + F2
—c1H22),

X19=c1(2Ee6132 — 2c1E66133 + 2Fes — 2c1Hes + E11114

—c1E11116 + E12124 — ¢1E12126 + F12 — ¢c1H12),

X110 =—c1(E11l12 — Eq2121)

X111 = —c1(2Essl31 — E11l11 + 2E12112 — Ex2l21),

X112 =c1(E12l11 — Exzl2)
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