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The cylindrical shells reinforced by stringers have been widely used in modern engineering structures
such as storage tanks, missile, submarine hull, oil-transmitting pipeline, etc. In this present article, the
thermomechanical buckling and post-buckling behaviors of a cylindrical shell with functionally graded
(FG) coatings are investigated by an analytical approach. The cylindrical shell is reinforced by outside
stringers under torsional load in the thermal environment. The layers of FG coatings are assumed to
be made by functionally graded materials (FGMS) combining of ceramic and metal phases and the
core of the shell is made from homogeneous material. The classical shell theory based on the von-
Karman assumptions is used to model the thin cylindrical shell. Using Galerkin’s procedure and Airy
stress function, the governing equations can be solved to obtain the closed-form solution for the
critical buckling load and postbuckling load-deflection curves of simply supported shells. Moreover, many
important parametric studies of stringers, temperature field, material volume fraction index, the thickness
of metal layer, etc. are taken into investigation. According to numerical examples, it is revealed that the
outside strings have considerably impact on thermomechanical buckling and postbuckling behaviors of
the shells.
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1. Introduction The cylindrical shell structures, as a type of fundamental struc-
tural components, are widely in the engineering applications such
as a missile, submarine hull, oil-transmitting pipeline, aircraft,
hydrospace, shipbuilding construction [5-11]. For example, the
strategic missiles using solid materials, they are capable to fly far
beyond the continent with great velocity, so their hull could stand
very high strength and high temperatures. To satisfy it, the shell of
the strategic missiles is usually made of composite carbon-carbon
or FGMs. Furthermore, the functionally graded cylindrical shells
could also be used as the shell of a nuclear reactor or special en-
gineering pipes [12]. In practice, this kind of structures is often
subjected to the intricate environment and complex loading con-
ditions. Thus, it is of great importance to achieve an insight into
thermomechanical buckling behavior of the FG cylindrical shell for
the engineers and designers.

In the research fields of cylindrical shells, many studies have
been addressed for the mechanical buckling and postbuckling
problems as Shen [13-16], Huang et al. [17-20], Sofiyev [21], Dai
and Zheng [22], Dai et al. [23], Bagherizadeh et al. [24], Akbari

Due to the development of the materials science, a new type
of composite materials known as functionally graded materials
(FGMs) has been widely used in various engineering applications,
especially in high temperature status. FGMs are produced by a
continuous mixture of metal and ceramic in which material prop-
erties vary smoothly and continuously in the preferred, generally
in the thickness direction [1,2]. The metal gives high roughness
while the ceramic provides high temperature-resistance and high
corrosion-resistant. The concept of FGM was first introduced by a
group of material scientists in Japan in the mid-1980s [3,4]. Since
then, many investigations, due to their fascinating features of po-
tential applications, have been carried out to study the mechanical
buckling, thermal buckling, and stability of the structures made of
FGM.
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Alashti and Ahmadi [25], Sun et al. [26], Duc et al. [27,28], Thang
et al. [29]. Many investigations on analytical and numerical meth-
ods have been conducted to analyze the thermal buckling behavior
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Fig. 1. Configuration of circular cylindrical shell with FG coatings and reinforced by
stringers.

of the FG cylindrical shell such as Shahsiah and Eslami [30], Shen
[31], Wu et al. [32], Yaghoobi et al. [33], and Thang [34]. An effec-
tive meshfree method with highly smoothing shape functions for
buckling analysis of Kirchhoff-Love cylindrical was investigated by
Wang et al. [35].

For the torsional buckling problem, Li et al. [36] considered a
cylindrical crack located in an FGM interlayer between two coax-
ial elastic dissimilar homogeneous cylinders and subjected to a
torsional impact loading. Singh et al. [37] studied the torsional
vibrations of functionally graded finite cylinders. Arghavan and
Hematiyan [38] presented an analytical formulation for torsional
analysis of functionally graded hollow tubes of arbitrary shape.
Wang et al. [39] proposed an analytical solution for transient
torsional responses of a finitely long, functionally graded hollow
cylinder. The torsional impact problem of a cylindrical interface
crack between an FGM interlayer and its external homogeneous
cylinder was investigated by Feng [40]. Shen [41] also investi-
gated the torsional buckling and postbuckling of FGM cylindrical
shells. Najafov et al. [42] examined the torsional vibration and sta-
bility problems of FG orthotropic cylindrical shells in the elastic
medium. Huang [43] investigated the buckling behaviors of elasto-
plastic functionally graded cylindrical shells subjected to torsional
load.

Recently, the torsional vibration and buckling analysis of cylin-
drical shell with FG coatings has been investigated by Sofiyev and
Kuruoglu [44]. In this study, the thermomechanical buckling and
post-buckling behaviors of cylindrical shells with FG coatings are
investigated by analytical approach. The highlight of this study
is that the cylindrical shell is reinforced by the outside stringers.
Moreover, the cylindrical shells with FG coatings are subjected to
torsional load in the thermal environment. The layers of FG coat-
ings are assumed to be made by functionally graded materials
(FGMS) combining of ceramic and metal phases and the core of the
shell is made from homogeneous material. By using the Galerkin
procedure, the closed form expressions can be determined to ob-
tain the critical buckling load and post-buckling response. Several
numerical examples are also presented to demonstrate the nonlin-
ear behaviors of cylindrical shell with FG coatings.

For clarity, the content of this research paper is organized as
follows: Section 2 presents the configuration of the cylindrical shell
with FG coatings and the outside stringers system. Mathematical
modeling of the cylindrical shell with FG coatings is analyzed in
Section 3. Sections 4 presents the thermomechanical buckling and
post-buckling analysis. Several numerical examples are given in
Section 5. Finally, the concluding remarks are drawn in Section 6.

FG metal FG
I—‘—.—'}—‘——-’<—>|

Fig. 3. Configuration for cylindrical shell with FG coatings.

2. Configuration of the cylindrical shell with FG coatings and the
stringers

Consider a circular cylindrical shell with FG coatings with mean
radius R, length L, and thickness h. The cylindrical shell is re-
inforced by the outside stringers system as shown in Fig. 1 and
Fig. 2. Following the power-law distribution in z-direction, the vol-
ume fraction of the metal component, V; can be determined as
[29] (see Fig. 3)

—2zl+he  _h _h h h
V(@) = [hopy > —2Sz=s—For3t=<z<g, )
m - 1 _h_m<z<h_m

£ 2 — — 2 ’

where & is the volume fraction exponent which dictates the ma-
terial variation profile through the thickness of the shell. The
non-homogeneous material properties of cylindrical shell with FG
coating are obtained by the rule of mixture as follows:

P =PncVc(2) + Pc (2)

in which Py = Py — P and Py, P, are the thermomechanical
properties of the metal and ceramic, respectively. In order to ac-
curately analysis the thermomechanical characteristics of the shell,
the temperature dependency of material constituents is taken into
account as [31]

P(T) = Po(P—1T ™'+ 14 P1T! + PoT? + P3T3), 3)

where Py, P_1, P1, P2, and Ps3 are the coefficients of temperature
T and unique to the constituent materials, and Ty is the room
temperature.

3. Mathematical modeling

According to the classical shell theory with Kirchhoff assump-
tions, the displacement components of a shell is written as [45,46]

WX, y)
ax
ow(x, y)
ay

U, y,2)=ux,y)—z

U(X7yvz):V(va)_z (4)

WX, y,2) =w(x,Y),

where (u,v,w) are the displacement components along the
(x, y, z) coordinates directions, respectively, of a point on the mid-
plane (i.e., z=0).
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The von-Karman nonlinear strain-displacement relations can be
expressed as follows [46]

Ex 8)9 Kx
gy t=1 &) t+z1 Ky (5)
0
Vxy Vxy Kexy
where
au 1,0w\2
€0 ax T 205%)
ol _Jov_w 10wy
8% =19~ rT205) ¢,
Vs du 4 v 4 9w Iw
xy ay + X + dx dy
_%w
Kx ox2
_ _ 2w
Ky §= 72 (6)
ny _2 32W
dxdy

where &y, &y and yyy are normal and shearing strain components
at any point the shell thickness, and &xp, £y0 and yxyo are denoted
as the corresponding quantities at points on the shell middle sur-
face only, «y, Ky, Kkxy are the flexural strains.

The linear constitutive relations for the cylindrical shell with FG
coatings are given by [45,46]

o Q" Qi o ex — AT
o t=1Q @ 0 |1e —atAT ¢, (7)
o 0 0 Q& Yxy
where
Eqy(z,T) VEsh(z,T)
h h sh h sh
Qf1=Q§2=ﬁ’ szZﬁv
Esn(z,T)
sh sh4,
= —’ 8
Qs 20+ v) (8)
and for the stringers
03t = Eey — E o' AT 9)

in which, (ES", E$t) and (o, o) are Young's modulus, thermal
expansion coefficient of the shell and the stringers, respectively;
AT is the temperature change. In this study, we assume that ESt =
Ec(T), o5t = ot (T).

Using the smeared technique and omitting the twist of stiffen-
ers, the force and moment of cylindrical shell reinforced by the
stringers can be determined as follows [47]

h/2 h/2+hg
Ny = / ohdz + / a,ft%dz,
S
—h/2 hy2
h/2 h/2
Ny = f a;hdz, Nyy = / oxydz,
—h/2 —h/2
h/2 h/2+hs
My = / ohzdz + / o,ftZ—szdz,
S
—h/2 hy2
h/2 h/2
My = f ajhzdz, Myy = / o,f;zdz. (10)
—h/2 —h/2

Substituting Eqs. (5)-(6) into Eqgs. (7) and (9) and then into
Eq. (10), leads to

Ny A1 A2 0 By Bz O &y
Ny A1y Axp 0 Bi2 By 0 8?,
Ngl_| 0 0 As 0 0 Be ]y
My [ |Bi1 Bi2 0 Dy Dip O Kx
My Biz B 0 Diz D O Ky
Mxy 0 0 Bes 0 0 Dgs Kxy
D1+ Py
D1
0
Dy + Dy an
25
0

where, the mathematical expressions of stringers coefficient Aj;j
(i=1=+6, j=1=+4) and thermal coefficients @1, ®@,, @15, dys are
given by

Ass b1
2(1+v)
Bu= 1 E2v2 EZCISbS’ Biz= 1VE\2/2’ B2 1 E2v2 ’
E;
®T 2 +v)
D= 1 E3v2 Ezsbs’ D= 1VE32, D2 1 b >
Des = % (12)
in which
h/2 h/2
E1= / FM2)dz, Ey= / E"(2)zdz,
—h/2 —hy2
h/2
E3= / ES(2)2dz
—h/2
h/2+hp h/2+hm
Eis = E*(2)dz, Ey = E%(2)zdz,
hy2 h/2
h/ 2+
Egs = E(2)7%dz,
h/2
hy/2
P = / E"2)ah (2) AT dz,
—h/2
h/2
&) = [ EM(2)a*M (2) AT zdz,
—h/2
h/2+hs h/2+hs
D15 =Z—z / ESa’ATdz, Do _Z—z / ESa’ATdz (13)
h/2 hy/2

From Eq. (11), we have
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0—_
y =

0 _ ax% *
Yxy = A31Nxy — AgKxy,

&

where

. _ Axp
n=4 7
A1Axn — A2,
« _ AnBi—AnB
B . o
A11A; — A%,
« _ An2Ban—AnBun
4— - - - 5 >
! A11Ag; — A%,
A1
Ap= 5
A11Ax — A,
« A12B11—A11B1
Ap=—fr
A11A22 — A7,
A1 — A
S 11 2

 AnAxn — A3,

A12

A% = — A%, =
32 A
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(14)

_ Az
AnAxn — A%

*

_ An—Anp
5— " < 9 >
A11Az; — A%,

*
1

« _ AnBi—AuBp
U= 3
A1Axn — A%,
1 __ Bes

’

: (15)
31 AGG

Substituting once again Eq. (14) into My, My and My, in Eq. (11),

leads to

+ B}, P15 — P2,

My = B3Ny + B3,Ny + B3:kx + B3,ky + B35 P1 + B3 D1

- ¢27
Myy = B3 Nxy + B3ykxy,

where

BY; = B11AT; — B12AY,,

Bi3 = D11+ B12A%; + B11A7;,
Bi4=D12+ B11A74 + B12A3,

B>1|<5 = BllATs + Bl2A§5»

Bj, = B2 A3, — BiaAy,

B34 = D2 + B12A74 + B2 A3,

* *
B3, = Bes A3,

B3, = Des — BesAl,.

(16)
Bi, = B12A3; — B11AY,,
B3 = B12AT; — B22A7,,
B33 = D12 + B12A73 + B2nAj;
Bis = B12Als5 + B22A35
(17)

The nonlinear equilibrium equations of cylindrical shell with FG
coatings based on the CST are given by [45]:

ONx Ny _

0,
ax ay
dNyy ANy _o
ax ay
92M %M M
2X + - + zy
ax axdy ay
VAL
Yay2 " R

(18a)
(18b)
N oy,
X ox2 * axay
(18c)

To satisfy the first and second equilibrium equations, a stress func-
tion, F(x, y), introduced by G.B. Airy with the following definition

is used as [27,48]

32F(x,y)
NX: T’ y

_ 2F(x,y)

2F(x,y)
aXZ ) Xy — -

dxdy
(19)

Substituting Eqs. (16) and (19) into Eq. (18c), we have

L0tw e dtw N L04w e 3*F(x, y)
T ox4 2 9x29 y2 39y4 4 oxt
N LUF(y) o L0YF(xy) | 92w d?F(x,y)
> 9x29y>? 6 gyt axz  9y?
2w 9%F  9%w 9%F(x, 1 9%F(x,
_ OF o (zy)+_ (Zy)=0, (20)
0xdy 0xdy  dy ox R  ox
where
Ci=—Bs C5 = —(B74 + 2B3, + B33), C3=—B3,,
C; = B, Cs = (Bi; —2B3; + B3y), Cs = B3 (21)

The geometrical compatibility equation for the cylindrical shell
can be written as [27,48]

020 0%y 0%y _(PPw 2w w10
dy? 9x2  9xdy xdy ax2 9y?2 R ox2’

The compatibility equation of a circular cylindrical shell with FG
coatings in terms of the Airy stress function F(x, y) and displace-

ment component w may be obtained by substituting Eqs. (14) and
(19) into Eq. (22), leads to

(22)

pr P&y PRy R y) 8t
T x4 2 9x20y2 3 9y 4 9x4
2
LW et (WA 0w ot
9x29y? ay4 9x0y x2 9y?
192w
—Z 7 o, 23
R (23)
where
D} =—A3, 5=A3 —2A%,,  D3=Aj,
Dy=—A3, Di=—(Aj3+A5+A3), Di=-Als.
(24)

Egs. (20) and (24) are the nonlinear governing equations used
to investigate the thermomechanical buckling and post-buckling
behaviors of the cylindrical shell with FG coatings under torsional
load.

4. Stability analysis
4.1. Solution and boundary condition
Consider a circular cylindrical shell with FG coatings and it is

simply supported at two butt-ends x =0 and x = L. In this case,
the deflection of the cylindrical shell can be expressed as [49]

w = Wo + Wy sin(ax) sin[ 8(y — kx)] + W2 sin? (ax) (25)
in which

a=mn/L, m=1,2,3,..

B=n/R, n=1,2,3,. (26)

where m, n are the numbers of axis half waves in x and y, respec-
tively. The first term of the deflection in Eq. (25) represents the
uniform deflection of points belonging to two butt-ends x =0 and
x =L, the second term is the linear buckling shape, and third term
is the nonlinear buckling shape of the shell.
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Setting of Eq. (25) into Eq. (24), leads to
o Fxy) LRy L8 y)
T x4 2 9x20y2 3 9y

= K] cos2ax + K3 cos28(y — kX)

+ K3 cos,B[y—i— (E—K>x]

o o
+ K3 cosﬁ[y - (B +K>x] + K;‘icosﬁ[y - (33 +/<)x]
—cosﬂ[y—i— (3% —K)X]}, (27)

1 1
K% = 2a? <4D4a - E>W2+ 5a2ﬁ2w12,

1
K;= Eozz,szw%,
1
K3 = 5 Di[(e +°B2)" + @ucap)’]W

1 1
- (— - D§52>(a2 +K2,32)W1 + 5 Dg Wi

1
2\R
+[ 2D (0% + k2 B%) + Dip ]mﬁm
+%0€2ﬂ2W1W2,
K;= —1DZ[(a2 +12%)° + ke p) W

2

1/1 1
+3 (E - D§ﬁ2>(a2 +K2ﬂ2)W1 - —D’gﬂ4W1

+[—2D (o +K*B%) + D:p ]KaﬁW1

1
- §a2ﬂ2wl Wa,
1

K= Ewl Woa? 2. (28)

From Eq. (27), the stress function can be determined as follows:

F(x,y) = Fq cos(2ax) + F1cos[2B(y —kX)]

(e (5 o))
+ F4cos ﬂ(y ( )x)}
(- (5]
+ Fg cos _ﬂ(y + (33 —K)X)] — Phxy, (29)

where P is torsional load intensity, and the coefficients F;
(i=1-=+6) are determined as shown in Appendix A.

In order to establish the closed-form solution for critical buck-
ling load and postbuckling response, the resulting equations can
be solved by Galerkin method. First of all, introducing w and f
into the left side of Eq. (20), and then applying Galerkin proce-
dure by the way as: Multiplication of two side of Eq. (20) with the
form of functions as in Eq. (25), then integrating in the ranges by
0<y<2mRand 0 <x <1, leads to

+ F3cos

+ Fscos| B

54 J3Wo + J3W2 + JEW2 +2Phg? =0, (30)
JEWy — JEWE + 3WLW? =0, (31)

Table 1
Comparison of values of torsional buckling load P, (MPa) of FGM cylindrical shell
without stiffeners.

Present
83.76 (8, 0.37)?

R/h Huang and Han [49]
200 81.70 (10, 0.37)

Sofiyev and Kuruoglu [44]
83.67 (8, 0.24)

300 4861 (11, 0.33) 49.86 (9, 0.22) 49.88 (9, 0.33)
400  33.82 (12, 031) 34.44 (10, 0.21) 35.01 (10, 0.21)
500  25.58 (13, 0.30) 25.93 (11, 0.20) 26.22 (13, 0.30)

2 The number in the parentheses denote the buckling mode (n,«), m=1.

in which the coefficients J; (k=1 7) are determined as in Ap-
pendix B.

4.2. The maximal deflection and critical buckling analysis

From Egs. (30) and (31), the cylindrical shell must also satisfy
the circumferential closed condition as [49]

2R L

[T [l3v5-3(5) oo om

Using the Egs. (14), (19) and (25), Eq. (32) becomes

8Wo +4W5 — RW?B2 + 8R(A3501 — A}, ®15) =0. (33)

The maximal deflection of the cylindrical shell with FG coatings
is defined from Eq. (25) as

Wmax = Wo + W1 + W), (34)

TR

L5+ 5 “‘L in which i, j are

here w = Wpax locates at x = 2m’ y=
old integer numbers.

Solving Wy from Eq. (33) with respect to W1 and W5, and then
replacing them into Eq. (34), leads to

1
Winax = —R(A3s®1 — Al ®15) — §RW12/32
J* W2
W (35)
2(Js+ WD

Eliminating Wy and W from Egs. (30), (31) and (33), and then
solving P with respect to Wy, the closed-form expression can be
determined as follows

1 * *WZ
P=- 2{];‘—&— 1612*]2
2hk p (Js+J3W1)
* k(72 2
+ 5w+ <%> } (36)
(Js+ J5WD)
Note that if W1 — 0 then Eq. (36) leads to
__
2hk B2’

Eq. (37) is the explicit expression used to determine critical
upper torsional loads for the circular cylindrical shell FG with coat-
ings and reinforced by stringers in the thermal environment.

(37)

5. Results and discussion
5.1. Comparative study

In order to validate the results of present formulation, sev-
eral comparison studies are carried out in Table 1. In this ta-
ble, the present formulation is compared with those reported by
Sofiyev and Kuruoglu [44] and Huang and Han [49] for torsional
buckling behavior of functionally graded cylindrical shells. The
effect of the stiffeners and temperature field is not considered.
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Table 2

397

Temperature-dependent coefficients of the constituent materials of the considered cylindrical shell

with FG coatings [50,51].

Material Properties Mo M_4 M M; M3
(Ceramic) E (Pa) 3.48E+11 0 —3.70E—-04 2.16E—-07 —8.95E—11
Si3Ng p (kgim®) 2370 0 0 0 0

o (K 587E—06 0 9104 0 0
(Metal) E (Pa) 2.01E+11 0 3.08E—04 —6.53E—-07 0
SUS304 p (kg/m®) 8166 0 0 0 0

a (K1 1.23E-05 0 8.09E—04 0 0

Table 3

Effect of number of stiffeners and temperature on upper torsional load P (Pa) of
cylindrical shell with FG coatings with L =2R, R/h =100, m=1, n=38, § = 1.0,
hm =h/4.

Table 4

Effect of thickness of the metal layer and temperature on upper torsional load
P (Pa) of the cylindrical shell with FG coatings with L =2R,R/h=100,m=1,n=
8,6 =2.0,n;=15.

AT (K) ng=20 ng=15 ng =10 ng=>5 ng=0 AT (K) hp=0 hn=5 hm =h/4 hm=h/3 hm=h/2
0 5.718E+08 5.319E4-08 4.958E+08 4.6300E+4-08 4.331E+08 0 3.506E+08 4.167E+-08 4.378E+-08 4.708E+08 5.147E+08
100 5.599E+08 5.210E+-08 4.841E+08 4,515E+08 4217E+08 100 3.487E+08 4,097E+08 4.293E+08 4.592E+08 4937E+08
300 5.352E+08 4.958E+08 4.598E+08 4.275E+08 3.982E+08 300 3.376E+08 3.916E+08 4.090E+-08 4.350E+08 4.582E+08
600 4.924E+08 4.528E+08 4.176E+4-08 3.861E+08 3.575E+08 600 3.017E+08 3.522E+08 3.684E+08 3.928E+08 4.161E4-08
900 4.369E+08 3.976E+08 3.631E+08 3.324E+08 3.050E+08 900 2.404E+08 2.937E+08 3.108E+08 3.379E+08 3.795E+4-08
1200 3.617E+08 3.220E+08 2.893E+08 2.602E+08 2.343E+08 1200 1.517E+4-08 2.111E+4-08 2.300E+08 2.632E+08 3.394E+08
1500 2.578E+08 2.196E4-08 1.882E+08 1.616E+08 1.385E+-08 1500 3.500E+07 9.610E+07 1.173E+08 1.599E+4-08 2.871E+08
10° 10°
X X
7 T T T T 6.5 T T
— —o—h_=0 — —
“o—n -5 £l R=100, m &1, RI=100,
6.5/ | —8—n =10 L/R=2, v=0.3, 6f |—8—h,=h4 L/Rl—z» 0
=1. n=8 _ m=1, n=9,
—A—n =15 m=1, 16, —A—h _=h/3 _
s AT=300K, x=0.5 " AT=200K,k=0.5
67 | —6—n =20 b

Dimensionless deflection

Fig. 4. Effect of number of stiffeners ng on P (Pa) — Wnax/h curves.

The geometrical parameters are chosen as h = 0.01 m, L = 2R.
The volume fraction index is taken to be 1. The material proper-
ties of the ZrO,/Ti-6Al-4V cylindrical shell are considered: E; =
1.05698 x 10! (Pa), v, = 0.298099, E. = 1.68063 x 10! (Pa) and
Ve = 0.297996. As observed from Table 1, these comparisons are
well-justified.

5.2. Results for buckling and post-buckling of cylindrical shell with FG
coatings

After validating the numerical results of present work with the
available data in the open literature, some parametric studies are
conducted in this subsection. Typical values for Young’s modulus
E, and the coefficient of thermal expansion « are listed in Table 2.

Firstly, Table 3 shows the effects of number of stiffeners and
temperature on upper torsional load P (Pa) of the cylindrical shell
with the FG coatings. The shell has L = 2R, R/h =100, hy, = h/4,
the number of stiffener (ns) is taken to be 0, 5, 10, 15 and 20.
The volume fraction index of FG shell is assumed to be constant,
& =1.0. It can be seen that the maximum torsional load (P) cor-
responds with AT =0, and ns = 20, and the minimum one is cor-
responded to AT = 1500 K, and ng = 0. Moreover, the results con-

P (Pa)

35 I I I I
0 1 2 3 4

Dimensionless deflection

Fig. 5. Effect of hy, on P (Pa) — Wax/h curves.

firm the buckling loads are reduced with increase in temperature.
Fig. 4 demonstrates the post-buckling load (P) versus dimension-
less deflection (Wmax/h) for various of the number of stiffeners.
Four different values of parameter of stiffeners (ns) are considered
as 5, 10, 15 and 20. It is observed that by the increasing the num-
ber of stiffeners, the torsional load of the cylindrical shell with
FG coatings is increased. The prime reason is that the presence of
stiffener makes the shells to become stiffer.

In order to demonstrate the effect of the metal layer (hy), a
parametric study has been carried out in Table 4 and Fig. 5. For
these examples, the thin cylindrical shell has L = 2R, R/h =100.
The volume fraction index & is taken to be 1. Table 4 presents
the buckling load for the thin cylindrical shell with FG coat-
ings under torsional load with the different values of hy. In
this table, the different values of temperature parameter AT
(=0K, 100 K, 300 K, 600 K, 900 K, 1200 K, 1400 K) are consid-
ered. In can be found that the buckling loads are decreased with
increasing in temperature from AT =0 K to AT = 1500 K under
the same metal layer hp,. In addition, Fig. 5 shows the postbuckling
load-deflection curves (P (Pa) — Wnax/h) for the cylindrical shell
with FG coatings for the different values of h; at AT =300 (K).
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Table 5
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Effect of the volume fraction index & and temperature on upper torsional load P (Pa) of the cylin-
drical shell with FG coatings with R/h =100, L=2R, m=1,n =38, hy, =h/4, ng =15.

AT (K) £=0 £=1 £=2.0 £=3.0 £=5.0 £=10.0
0 5.573E+8 4.630E+8 4.378E+8 4.288E+8 4.213E+8 4.187E+8
300 4.972E+8 4.275E+8 4.090E+8 4.018E+8 3.969E+8 3.950E+8
600 4.524E+8 3.860E+8 3.684E+8 3.615E+8 3.568E+8 3.551E+8
900 4.135E+8 3.322E+8 3.108E+8 3.023E+8 2.965E+8 2.943E+8
1200 3.708E+8 2.602E+8 2.310E+8 2.182E+8 2.101E+8 2.071E+8

Table 6

Effect of radius-to-thickness ratio R/h and temperature on upper torsional load P (Pa) of the cylin-
drical shell with FG coatings with L=2R, m=1,n=8, £ =2.0, ny =15.

AT (K) R/h =80 R/h =100 R/h=120 R/h =140 R/h =160
0 L/R=1 6.470E+4-08 6.241E+4-08 6.188E+06 6.182E+08 6.176E+08
L/R=2 4,554E+08 4.505E+08 4.445E+08 4.378E+08 4.340E+08
500 L/R=1 5.717E+-08 5.493E+4-08 5.345E+4-08 5.310E4-08 5.291E+4-08
L/R=2 4.030E+08 3.977E+08 3.911E+08 3.835E+08 3.783E+08
1000 L/R=1 4.292E+08 4271E+08 4.258E+08 4.233E+08 4212E+08
L/R=2 3.129E+4-08 3.062E+08 2.976E+08 2.868E+08 2.753E+08
10' 10
b
7 T T T T 8 X T T T T T T T T
—©€— Silicon nitride ©—R/h =280
6.5 —HBE—E=1 P 7.5+ —B—R/h = 100 b
—o—i- —A—R/h = 120
R/h=100, L/R=2, v=0.3, §=5 7t o— R 140|  /
6 m=1,n=8,n=10 —4— Stainless steel ] : =
L =1, L/R=2, v=0.3, |
AT=300K, ©=0.5 6.5 m=1. n=8. n =10
= s > T
& 6f AT=300K, %=0.5 1
~

0 1 2 3 4
Dimensionless deflection

Fig. 6. Effect of volume fraction index & on P (Pa) — Wmax/h curves.

As it can be observed that the curves are significantly influenced
by the metal layer hp,.

Table 5 and Fig. 6 illustrate the buckling load, P (Pa) and load-
deflection curves, P (Pa) — Wnax/h for simply supported cylindrical
shell with FG coatings against the power law index &. From Ta-
ble 5, it is clearly that a fully silicon nitride shell (¢ = 0) has
highest load parameter. Moreover, it can be also seen that the shell
has lower load capacity when the volume fraction index changes
from O to 10. This is understandable because the ceramic shell is
the ones with the higher stiffness than the metal shell.

Next, to examine the influence of radius-to-thickness ratio R/h,
as one of important geometrical parameters of the shell, Table 6
shows the variation of torsional load P (Pa) of the cylindrical shell
with the various temperature parameter and R/h ratio ranging
from 100 to 250. The volume fraction index is taken to be 1. It
can be found that the load capacity of the shell is significantly in-
fluenced by ratio (R/h). The effect of the radius-to-thickness ratio
R/h on postbuckling load-deflection curves also shown in Fig. 7.
In the first stage when the dimensionless deflection (Wmax/h) is
small, there is a small difference in load parameter of the shell but
when (Wpax/h) increases further from 2 to 4.5, the change is big
for all the shell.

Finally, the effect of uniform temperature rise (AT) on post-
buckling response of the cylindrical shell with FG coatings is pre-
sented in Fig. 8. The input data are selected as: L = 2R, R/h =100,

0 05 1 L5 2 25 3 35 4 45

Dimensionless deflection

Fig. 7. Effect of R/h ratio on P (Pa) — Wmax/h curves.

7 x 10
A AT =
AT =0 £=1, R/h=100,
6.5} AT =100K | [ 5 v—03
—E—AT=200K | m=1, n=8,n =10
6r —F—AT=500K | g5
5.54 —6— AT = 1000K ’

P (Pa)

3 I I I I
0 1 2 3 4

Dimensionless deflection

Fig. 8. Effect of AT on P (Pa) — Wpnax/h curves.

m=1,n=8,&=1.0,n, =10, k = 0.5 and h; = h/4. Five different
values of temperature parameter AT (=0 K, 100 K, 200 K, 500 K,
1000 K) are considered. From this figure, it can be seen that the
critical buckling load reduces when (AT) increases.
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6. Concluding remarks

In the present article, the thermomechanical buckling and post-
buckling analysis of a cylindrical shell with functionally graded
(FG) coatings in the thermal environment has been conducted us-
ing the analytical approach. The cylindrical shell is reinforced by an
outside stringers system. The classical shell theory based on the
von-Karman assumptions was used to model the thin cylindrical
shell. Effects of changes in both Young’s modulus and thickness of
the functionally graded coatings on mechanical property were an-
alyzed. Further, the effect of the outside stringers on load-carrying
capacity of the shell was also studied. By using Airy stress function
and Galerkin procedure, the resulting equations were employed to
obtain the closed-form solution for the critical buckling load and
buckling-deflection curves. The results analysis of cylindrical shell
with FG coatings using the present approach are in good agree-
ment with those reported in the literature. In addition, the present
results provide the useful and important information about the
effective combination of metal and ceramic for designing the FG
shells. Finally, the present study can be extended further to inves-
tigate the stability of the FG shells with special shapes through the
use of numerical and analytical approaches.
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