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Abstract

This work presents the nonlinear mechanical and thermal post-buckling of nanocomposite double-curved shallow shells
reinforced by single-walled carbon nanotubes resting on elastic foundations based on the higher order shear deformation
theory with geometrical nonlinearity in von Karman—Donnell sense. The composite shells are made of various amorph-
ous polymer matrices: poly(methyl methacrylate) (PMMA) and poly{(m-phenylenevinylene)-co-[(2,5-dioctoxy-p-pheny-
lene) vinylene]} (PmPV). The governing equations are solved by the Galerkin method and Airy’s stress function to achieve
mechanical and thermal post-buckling behaviors of nanocomposite double-curved shallow shells. Various types of
distributions of carbon nanotubes, both uniform distributions, and functionally graded distributions are examined.
The material properties of nanocomposite double-curved shallow shells are assumed to be temperature dependent.
Detailed parametric studies are carried out on the effect of various types of distribution and volume fractions of carbon
nanotubes, temperature increments, elastic foundations, edge to radius and edge to thickness ratios on the nonlinear

mechanical and thermal post-buckling of nanocomposite double-curved shallow shells reinforced by CNTs.
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Introduction

In the past several years, carbon nanotubes (CNTs)
have drawn the attention of researchers with regard to
science and engineering all over the world. CNTs were
first detected by Japanese scientist Sumio lijima in
1991. CNTs are allotropes of carbon, which have
extraordinary properties. Many works have indicated
that CNTs have unique mechanical, thermal, elec-
trical properties." ’ For example, with 100 times the
tensile strength of steel, thermal conductivity is better
than all but the purest diamond, and electrical
conductivity similar to copper. Since the discovery
of CNTs, many experimental and theoretical studies
of CNT-reinforced composite structures have signifi-
cantly increased.

Shen et al.*'® investigated the nonlinear buckling
and postbuckling, bending static and dynamic
response of composite plate and shell structures,
which were applied the concept of functionally
graded materials for distribution of CNTs in the

matrix. Enrique et al.'” studied the influence of the
geometrical variables on the buckling analysis of
functionally graded carbon nanotube (FG-CNT) rein-
forced composite curved subjected to axial compres-
sion and shear loads. Duc et al.?® investigated the
nonlinear dynamic response and vibration of imper-
fect FG-CNT-reinforced composite double-curved
shallow shells resting on elastic foundations subjected
to blast load based on higher order shear deformation
theory (HSDT), Galerkin method, fourth-order
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Runge-Kutta method, and Airy’s stress function.
Mirzaei and Kiani®' presented free vibration of
FG-CNT-reinforced composite cylindrical panels
using the first-order shear deformation shell theory
(FSDT) and Donnell-type kinematic assumptions.
Free vibration characteristics of CNT-reinforced
composite spherical panels and dynamics of
FG-CNT-reinforced composite cylindrical panel are
presented by Kiani***® using Hamilton’s principle
and the conventional Ritz formulation. Kiani et al.**
studied the free vibration of FG-CNT-reinforced
composite skew cylindrical shells using the
Chebyshev—Ritz formulation. The analysis of flexural
strength and free vibration of nanocomposite cylin-
drical panels reinforced by CNTs was investigated
by Liew et al.>® with various types of distributions
of CNTs reinforcements and the governing equations
are developed based on FSDT. Zhang et al. devoted
the large deflection geometrically nonlinear analysis
of FG-CNT-reinforced composite cylindrical panels
under uniform point transverse mechanical loading
using the kp-Ritz method with kernel particle
function, which is employed to construct the shape
functions for the two-dimensional displacement
approximations®® and the modeling of dynamic
responses of CNT-reinforced composite cylindrical
shells under impact loads based on Reddy’s HSDT.?’

Zghal et al.”® investigated the free vibration ana-
lysis of FG-CNT-reinforced composite shell struc-
tures, where the equations of motion are developed
based on discrete double directors shell finite element
formulation, which introduces the transverse shear
deformations via a higher order distribution of the
displacement field. Pouresmaeeli et al.*’ examined
the uncertain natural frequencies of moderately
thick doubly-curved functionally graded composite
panels reinforced by CNTs. Duc et al.*>*' presented
the dynamic response and static stability of FG-CNT-
reinforced composite truncated conical shells resting
on elastic foundations using the Galerkin method.
Asadi*? presented the numerical simulation of the
fluid—solid interaction for CNT-reinforced function-
ally graded cylindrical shells in thermal environments,
where the formulations are derived according to
FSDT and Donnell shell theory in conjunction with
von Karman geometrical nonlinearity. Trang and
Tung® presented the thermo-mechanical nonlinear
analysis of axially compressed CNT-reinforced com-
posite cylindrical panels resting on elastic foundations
with tangentially restrained edges. Ansari et al.>*
investigated the nonlinear post-buckling analysis of
piezoelectric FG-CNT-reinforced composite cylin-
drical shells subjected to combine electro-thermal,
axial compression, and lateral loads by applying
the Ritz energy approach based on the classical
shell theory and the von Karman nonlinear strain—
displacement relations of large deformation.
Alibeigloo and Pasha Zanoosi®” investigated the
static analysis of FG-CNT-reinforced composite

cylindrical shell imbedded in piezoelectric sensor and
actuator layers under thermo-electro-mechanical load
based on theory of elasticity. Ninh and Bich®® inves-
tigated the electro-thermo-mechanical vibration of
FG-CNT-reinforced composite cylindrical shells sur-
rounded by an elastic medium based on geometrical
nonlinearity in von Karman—Donnell’s sense and
the classical shell theory. Lin et al.>’ studied the aero-
elastic characteristics and nonlinear response of
FG-CNT-reinforced composite panel considering the
transient heat conduction.

Moreover, there are a few novel ideas for double-
curved shell structures with special approaches.
The unified Jacobi—Ritz method is presented and
implemented to study the free vibration analysis
of coupled composite laminated axis-symmetric
doubly-curved revolution shell structures with general
boundary conditions in the framework of the FSDT
by Cheo et al.*® Guo et al.** investigated the dynamic
analysis of composite laminated doubly-curved shells
with various boundary conditions by a domain
decomposition method with multi-segment partition-
ing technique is used to establish the formulation
based on the FSDT. In Duc et al.***' a new
approach to investigate the nonlinear dynamic
response of sandwich auxetic double-curved shallow
shells subjected to blast and damping loads based on
FSDT and HSDT was considered. Biglari and
Jafari*? addressed the static and free vibration ana-
lyses of doubly-curved composite sandwich panels
with soft core based on a new three-layered mixed
theory. Monterrubio® presented the free vibration
of shallow shells using the Rayleigh—Ritz method
and penalty parameters. Brischetto and Tomabene**
studied the advanced GDQ models and 3D stress
recovery in multilayered plates, spherical, and
double-curved panels subjected to transverse shear
loads. In Talebitooti and Zarastvand,* a diffuse
acoustic field was used to analyze the wave propaga-
tion on infinite doubly-curved laminated composite
shell sandwiching a porous material, which is exten-
sively used in aerospace structures. Mohammad®*® stu-
died the analysis nonlocal electro-elastic bending
solution of a doubly-curved piezoelectric nanoshell
resting on Winkler—Pasternak foundation based on
nonlocal elasticity theory and the first-order shear
deformation. Dushyanth et al.*’ presented the dynamic
stability of double-curvature composite shells under
external blast using Novozhilov nonlinear shell
theory and Lagrange’s equations of motion. Chen
et al.*® interpreted the free vibration of the functionally
graded material (FGM) sandwich doubly-curved shal-
low shells under simply supported conditions. Using
Galerkin method, Duc and Quan®’ analyzed the non-
linear thermal stability of eccentrically stiffened FGM
double-curved shallow shells and nonlinear vibration
and dynamic response of imperfect FGM double-
curved shallow shells with temperature-dependent
properties resting on elastic foundations.”® Pang
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et al.”! presented the free vibration of doubly-curved
shells of revolution with arbitrary boundary conditions
using a semi-analytical method. Zare et al.>* devoted
the micro- and nano-mechanical behavior of ortho-
tropic doubly-curved shells by considering the new
modified couple stress theory. Kateryna and
Nataliia®® investigated the stress-deformable state of
isotropic double-curved shell with internal cracks and
a circular hole.

From the above overview, it is clear that the prob-
lems of double-curved shell structures in mechanical
structures caught much attention of scientists and
researchers. This work proposes the post-buckling
behaviors of nanocomposite double-curved shallow
shells reinforced by CNTs using analytical methods.
The results obtained from post-buckling analysis of
FG-CNT-reinforced composite structures will sup-
port scientific foundations for structural designers,
manufacturers, and for building projects using FG-
CNT-reinforced composite structures. The object of
this work is to present an analytical approach to
obtain the mechanical and thermal post-buckling of
FG-CNT-reinforced composite double-curved shal-
low shells embedded in two different polymer matrices
based on the HSDT.

The material properties of CNTs
and matrices

The effective material properties of the nanocompo-
site double-curved shallow shells according to the
extended rule of mixture are shown as®

En = mVentEGNT + Vi En,
ﬂ o VCNT I/m

E22 B E2C2NT Em ’ (1)
m_ Venr | Vi

= -
G GlczNT G

where ENVT, ECNT, GSNT are Young’s and shear
modulus of CNTs, respectively. E,, G, are the mech-
anical properties of the matrix. Veyr and V,, are the
volume fractions of CNTs and the matrix, respect-
ively. n; (i = 1, 3) are the CNTs efficiency parameters.

The effective Poisson’s ratio is shown as®

Vig = VENTV%NT + Vv (2

where Poisson’s ratio of the CNTs and the matrix are
VENT v, Tespectively.
The thermal expansion coefficients are shown by

CNT ,,CNT
_ VenrE oo+ VinEmcty,
= Vot ENT L 1V E >
CNTEqq + VinLm
CNT CNT
a2 = (1 + Vi2 )VCNTOlZZ + (1 + Vm)VmO[m — V120

(©)

with thermal expansion coefficients of the CNTs being
oM, oSN and the matrix is a,.

The material properties of (10,10) SWCNTs, which
are dependent on temperature with vG¥? = 0.175, are
as shown in Table 1.

The FG-CNT-reinforced composite material is
made of various polymer matrices reinforced by
(10,10) SWCNTs, which are assumed to be aligned
and straight with a uniform layout. Uniform distribu-
tion (UD) and two types of functionally graded dis-
tribution of CNTs (FG-X and FG-O) are considered
(Figure 1).

The volume fractions of the CNTs and the matrix
are assumed to change according to the linear

FG-X FG-O

Figure 1. Configurations of CNT-reinforced composite
shells.

Table I. Temperature-dependent material properties for (10, 10) SWCNTs.'*

T(K) ENT (TPa) ESNT (TPa) GAT (TPa) aNT (x 1076 /K) T (x 1076 /K)
300 5.6466 7.0800 1.9445 3.4584 5.1682
400 5.5679 6.9814 1.9703 4.1496 5.0905
500 5.5308 6.9348 1.9643 45361 5.0189
700 5.4744 6.864] 1.9644 4.6677 48943
1000 52814 6.6220 1.9451 4.2800 47532

T =To+ AT, AT is the temperature increment in the environment containing the material and To=300K (room
temperature).



Proc IMechE Part C: | Mechanical Engineering Science 0(0)

Table 2. The material properties of the PMMA and PmPV
matrices.

Matrix E.,(GPa) Vin am(x 1078 /K)

PMMA (3.52 — 0.0034AT) 0.34
PmPV (3.51 — 0.0047AT) 0.34

45(1 4 0.0005AT)
45(1 4 0.0005AT)

Table 3. CNTs efficiency parameters for (10,10) SWCNT-
reinforced composites.

Venr ul mn 3
PMMA/CNT 0.12 0.137 1.022 0.715
composites 0.17 0.142 1.626 1.138
0.28 0.141 1.585 1.110
PmPV/CNT 0.11 0.149 0.934 0.654
composites 0.14 0.150 0.941 0.659
0.17 0.149 1.381 0.967

functions of the shell thickness as follows®

Venr (UD)
Venr = 4V§NT% (FG-X), Vy=1-Venr
Weyr(1-25) (FG-O)
“4)
in which
WCNT
Venr (5)

~ went + (pent/ Pm) — (PENT/ Pm)WENT

with weyr being the mass fraction of CNTs, and pcnr
and p, are the densities of CNTs and matrix,
respectively.

The nanocomposite double-curved shallow shells
are embedded in two amorphous polymer matrices:
poly(methyl methacrylate) (PMMA) and poly{(m-
phenylenevinylene)-co-[(2,5-dioctoxy-p-phenylene)
vinylene]} (PmPV). The material properties are shown
in Table 2.%°

The n; (i = 1,3) used in equation (1) are obtained
by molecular dynamics (MD) simulation results of
model polymer/CNTs composites, which are pre-
sented in Table 3.%7

Theoretical formulations

Consider an FG-CNT-reinforced composite double-
curved shallow shell with length of edges a, b, radii
of curvature Ry, R,, and thickness 4. A coordinate
system (x, y, z) is derived in which (x, y) plane on
the middle surface of the shell and z on thickness dir-
ection (—h/2<z<h/2) is as shown in Figure 2.

The post-buckling of nanocomposite double-
curved shallow shells reinforced by CNTs are derived
by Galerkin method based on HSDT. The strain

f Shear layer

Figure 2. Geometry and coordinate system of nanocompo-
site double-curved shallow shells resting on elastic foundations.
FG-CNTRC: functionally graded carbon nanotube reinforced
composite.

Spring layer

components taking into account von Karman non-
linear terms are given by>*

£y £ Ky ke
e =& |+ & [+ &)
Yoo o Ky k3, (6)
<VXZ ) ygz 2 k%z
=l o]t 2
yyz yy: ky:
where

8% U —w/Re+w /2 0 bt
& = - R, 2 2 s Xz — X ,X )
2 vy = Ww/Ry+ w5,/ <V8z> ( by + W

ny Uy FVF W W, y
(7
k! .
P K bt
ky | = by.y N2 | = 3a ’
1 kyz ¢y +wy
Ky, Gry + Py x
k:i' ¢X.X + M}, XX
Bl =-a Gyy + Wy
kiy ¢x, y + ¢y,x + 2w L Xy
(®)
The strain—stress relations are defined as
Ox On QO 0 0 0
oy On 0»n O 0 0
Oy ¢ = 0 Oss 0 0
Oxz 0 0 Qs O
o 0 0 0
Xy Q66 (9)

0
0
0
&x a
&y an
><|: V- ¢ —AT{ 0
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where
Eq var Eq
On=r———, Opn=77"—,
1 —viaw 1 — v
Ex
O0yp =", Qu=Gn, 0s=0G;,
1 — vy
Oss = G2

(10)

The nonlinear equilibrium equation of the shells
are shown as*->*

Ny Ay A 0 By Bp 0 Fpy
N, Ap An 0 B Bn 0 Fp
Nyy 0 0 Ag O 0 Bgs 0
M, By Bp 0 Dpn Dp 0 Hy
M, t =| Bin Bn 0 Dip Dypn 0 Hp
M, 0 0 Bg 0 0 Dg O
P, Fn Fo 0 Hy Hp 0 Op
P, Fo F»n 0 Hpy Hpn 0 Op
Po] L0 0 Fg 0 0 Hg 0
O« " Asgs 0 Dy O Ve
0, 0 Ass 0 Dss||n:
K| | D 0 Hy o0 [|i
k) Lo bps o Hsl|E

Ney+ Ny =0 (11a)
Ny + Ny =0 (11b)
Ovx + 0y —3c1(Kex + K, )

+ ¢1(Py,xx + 2Py + Py ) + % + ]1% (1o

+ NW x +2Ngw o + Nyw
+qg—-K,w+ K,,Vzw =0

Mx,x + Mxy,xy - QX +3c1 K — cl(Px,X + P«\‘y’}’) =0
(11d)

My« + M, — O, +3c1K, — ¢ (Pyy,x + Py,) =0
(11e)

with K, (GPa/m) is Winkler foundation modulus, K,
(GPa-m) is the shear layer foundation stiffness of
Pasternak model, and ¢ is a uniformly distributed
external pressure.

The force and moment components of nanocom-
posite double-curved shallow shells reinforced by
CNTs are shown as

h2
(Ni,Mi,P,»)zf oil,z,2)dz, {i=x,y,xp},
—h2

{i: X, )] = xz,yz}
(12)

h2
(01 K) = / 1.2,

—h

Substituting equations (6) and (9) into equations
(12) leads to the constitutive relations, which can be
written as

— &0
F 12 0 x N ,];
&0 T

F 22 0 y N v

0 Fe || 7% 0
Hp, 0 k. M7
Hy 0 ky + =3 M T

0  Hgg k;y 0
on 0 [|® PT (13)
(0%) 0 k?’ P }T

0 066 k?ﬂ 0

where

(4. By, Dy, Fyy, Hy, Lyj, Oy)

J

2
R 3

2[ (04,204, 22 i1, 2 045, 2* 031, 22 047, 2° 0y iz,
E

h
(N.fa M, P,?) = ﬁ (Qna + Qnan)(1,z,2°)ATd:z,

Ul
(N7, M, PTy = f (Ot + Oman)(l, 2, 2)ATdz
9 y’ }7 7& 9 9

(14)

From the constitutive relations (13), the reverse
relations are obtained as

&) =1 Iy 0 Joxx
58 = In - O Soyy
)/gv 0 0 —]31 f,xy
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Lz 4 where
+ 123 124 ¢} y
0 132 (6ry + By) Liy(w) = Unw xx + Uppw,yy + Ui3W, xxx
Lis L 0] (W,xx + Px.x) + UiaW gy + UtsWyyy — kw + &, Vo,
—el bs Ly 0 (W 3y + byy) Lix(¢x) = Ungx,x + Uredx, xox + U179, 13,
0 0 1L @vy + ey + 600) Li3(¢y) = Unagy,y + Uiy, yyy + U9y, 1y,
I —Ip 0— NT Lis(f) = Uniof xxex + Uniif. o + Uniof vy
| =1 Lr 0 N}T (15) Lyy(w) = Usiw,x + UnpW, cox + Uz W iy,
0 0 0 0 Ly(¢x) = Uiy + Uzgy xx + Uzsdn yy,
N Lo3(¢y) = Usey, xys
in which Lyi(w) = Usiw,, + UnoW sy + Uz,

A A
) 2 12
A= AnAn — A}, IHZT’ 112=T,
I ApBiy — An B _ ApBxn — AnBn
p=——"7-——, lu= ,
A A
] ApFy — AnkFy ApFy — AnFi
15 = , I ,
A A
A AByy — A1 Bz
[ =—— I =
n=— I3 A ,
AppBiy — A1 By ApFy — AnfFi
14 - 5 I 5 = ]
A A
ApFip — A Fx 1
e = Iy=—,
26 A > =
B Fes
I = T AL Iz = 4
6 66

(16)

and Airy’s stress function f{x, y) is determined as

Nx =f:yys Ny =f,‘xxa ny = _f,xy (17)
The geometrical compatibility equation for an

imperfect double-curved shallow shell is shown as

0 0 0 2 *
8x,yy + 8,17, xx yxy,xy - W,xy = WoxxW,yy + 2W,X}"W,xy
*
- W, wW Ly W~}’J’w,xx
W.yy W, xx
R. R,

(18)

where w*(x,y) is the imperfection function and
denotes initial small imperfection of the shell.

Substituting equation (15) with Airy’s stress func-
tion into equation (13) results in equations (11c) to
(11e) to be written as

Lyi(w) + Lia(¢y) + Li3(¢y) + L1a(f)
+Pi(w.f) + Lu(w') + PL0w*. /) + ¢ =0,
Lot(w) + Laa(¢y) + Laz(¢y) + Po(f) + La(w*) =0,
L31(w) + Laa(¢y) + L3z(¢y) + P3(f) + L3i(w*) =0
19)

L3(px) = Usady, xys
L33(¢y) = U319, + Ussy xx + Ussdy, 1y,

/.
Pl(W f) H wa +f,wW XX 2f.¥v1/'w,xy
X v
+ f xxW, yys

PZ(f) = U27f,xxx + UZ&f,xyya
P3(f) = U37f,\'x} + U38f}\}a
LT (w") = Unw', + Upw* S
P/l (M}*,f) :f,yyw, xx 2]: xyw, xy +f,xxw:kyyn
Ly (w*) = UZIWT,WUSCI(W*) = U31w:ky
(20)
and the coefficients Uy;(i=1+12), Uy(i =1=3),
Usi(k = 1=+ 8) are shown in Appendix 1.

Substitution of equations (15) into equation (18)
leads to

IZlf:xxxx + ]llf,yyyy + Jlf,xxyy + JZ¢x, xxx T J3¢x, Xyy
+ Jaby, yyy + T30y, xxy — C1125W, xxxx — C1digW, ypy

+ JoW, xxpy = w?

*
T T W Wy 2w oW

Wy Wy
R, R,

— W W

*
oy WoyW ex —

@0

in which

Ji=15L1—2ln, Jy=D;—cbs,
Jy =1z —clis—In+als,
Js =Dy — c1he — Inp + 1133,
Jo = —c1his — el + 2¢1133

Jy = T4 — 116,

Equations (19) and (21) are used to study post-
buckling of nanocomposite double-curved shallow
shells reinforced by CNTs based on HSDT.

Analytical solution

The double-curved shallow shells are assumed to be
simply supported. Two cases of boundary conditions
are considered. %>
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Case 1: Edges of the shell are immovable

= M,=P.,=0, N,=Ny at x=0,aq,
w=v=¢,=M,=P,=0, N, =N, at y=0,b
(22a)

Case 2: Edges of the shell are freely movable

W= Ny =¢,=M,=P,= 0, Ny=Ny at x=0,aq,
w=Ny=M,=P,=0,N, =Ny, at y=0,b
(22b)

where Ny, N,o are fictitious compressive edge loads
at immovable edges and in-plane compressive loads at
movable edges.

The approximate solutions of the shells satisfied
boundary conditions can be shown as®

w(x, y) Wsin A,,,x sin 8,y
o(x, ®, cos A, xsiné,
¢x(x.p) | _ ' y (23)
¢,(x,) ®,, sin 4,,X cos 8,y
w*(x, y) whsin A,,x cos 8,y

where 4,, = mx/a, §, = nr/b, and m, n are the number
of half waves in the x and y directions, respectively.
w is the imperfection parameter of the shells.

Substituting equations (23) into equation (21)
leads to

f=A;cos2h,x + Ay cos 28,y + Az sin A, xsin s,y

1 » 1 2
+ 5Ny + 5 Nyox

2 2
(24)
in which
82
Ay = s WOV + 2p1h),
320002,
’\2
A
A, = 321'1”152 W(W +2uh), Az=PW + Pyp, + P3¢y,
. 2 12
» (Cllgs/ufn — Jﬁﬂfnzﬁ + C1]1653 + %”\ + %Y)
1 - PD b
Py — _(JM'; + J3),m5)21)
2 PD 5
—(J483 + J5i2 8
mz—gﬂgiﬂﬁJ5=@¢+nﬁ+hﬁﬁ
D

Introducing equations (23) and (24) into equations
(19) and then applying Galerkin method the following
equations can be obtained

W+ hooy + L3¢y + ha(W + uh)py + Lis(W + nh)g,
+ [ = (Naod, + Nyo8) |(W + ph) + ma WOV + uh)
+ nsWOW + 2uh) + ng W(W + ph)(W + 2puh)

Ny N,
+m<£ﬂ—éj+mq=&

W + bagy + bady + ng(W + ph) + na W(W + 2uh) = 0,
i W+ Bagy + By, + ng(W + wh) + ng W(W + 2uh) = 0,
(25)

with the details of coefficients /;;(i =1+ 3), [x(j =
2+3,k=1-+3),n/(q=1+9) shown in Appendix 2.

Consider a simply supported nanocomposite
double-curved shallow shell with all immovable
edges l.e.u=0atx=0,cand v=0at y=0, b)

b pa a b
3 3
//—udxdyzo, //—dedx:o (26)
o Jo Ox 0 Jo 9y

Substituting equations (15) into equations (7)
results in the following expressions

3£
x| |:—112 I }{f,xx}_’_[ln 114]
[ Ly  —Iin]Ufy Ly Iy
ay
% { ¢x,x } ¢ |:115 116 :| (W,xx +¢x,x)
-
(py,y bs Lo (W.yy +¢y,y)
2
+|: I —112:| NT " I)Q%_WJWTX_“T'Y
—hy Iy N lT B Wt — %

27

Introduction of equations (27) into equation (26)
leads to

e =L v aun
Nyl Lmf mi )| ww+2un)
my 3| $u ms mg ]| N{
+ * * + * * >T
my  nmj || ¢, ms  nig || Ny
(28)
with the coefficients m;(i=1+6), mi(i=1=6)
shown in Appendix 3.

Using the second and third equations of the system
of equations (25) leads to

{ [(nolas — nyls3) W(W + 2puh) + (nghs — nels3) }
(W + uh) + (Isls — hilz) W]

¢x = (Inl33 — h3l30) ’
{ (o122 — myls2) W(W + 2puh) + (ns o — ngls2) }
b W+ uh) + (balsy — biln) W]
)y =

(h3l3 — 133)
(29)

Substitution of equations (28) and (29) into the
first of the system of equations (25) results in obtain-
ing of the equation to investigate the mechanical
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post-buckling of nanocomposite double-curved shal-
low shells

g = B\ Wu(W + )Wy +200) + bW+ )Wy + 1)
+ bW (W + 2u0) + By W(W, + )
+ bYW, + ) + B W, + BINT + BINT
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Figure 3. Comparison of thermal post-buckling behavior of
nanocomposite cylindrical panels.
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Figure 4. Comparison of mechanical post-buckling behavior
of nanocomposite double-curved panels.

Introduction of equations (28) and (29) into the first
of the system of equations (25) taking into account the
temperature increment A7 in equation (12), the equa-
tion to investigate thermal post-buckling of nanocom-
posite double-curved shallow shells is obtained

AT = bYW, (W, + W)Wy + 20) + BX(W, + ) (W + )
+ DYW (W, 4 210) + By W, (W, + )
+ b3 (W + ) + bSW,, + b}
31

with the coefficients bf(i=1=+2,k=1=38) are
shown in Appendix 4.

Numerical results and discussion
Comparison

To validate the formulation in this work, comparisons
are carried out for the post-buckling behavior of
nanocomposite cylindrical panels (Figure 3) and
double-curved panels (Figure 4) reinforced by CNTs
with Shen’s results.">'® In Figure 3, the geometrical
parameters are taken to be a/b=1,b/h =100,
a/R =0.5, the volume fraction of CNTs is taken
to be V§yr = 0.28. Figure 3 shows the thermal post-
buckling behavior of perfect nanocomposite cylin-
drical panels resting on the elastic foundation with
UD type and imperfect nanocomposite cylindrical
panels with FG-X type. Figure 4 compares the mech-
anical post-buckling behavior of imperfect FG-X
CNT-reinforced composite double-curved panels
with the same geometrical and material parameters.
It is clear that the analytical results in the present
study are in good agreement with the results in Shen
and Xiang.'>"®

Table 4 compares the Young’s modulus obtained
from the rule of mixtures and MD simulations™ with
material properties of the matrices and CNTs effi-
ciency parameters shown in Tables 2 and 3. It is
clear that the Young’s modulus results are the same
when using CNTs efficiency parameters for the rule of
mixtures, as shown in Table 4.

Table 4. Comparison of elastic modulus for PMMA/CNT and PmPV/CNT composites reinforced by

(10, 10) SWCNT.

MD>¢ Rule of mixtures

Vent Ey (GPa) Ex; (GPa) Ey (GPa) Ex; (GPa) n m
PMMA/CNT 0.12 94.6 2.9 95.0 2.9 0.137 1.022
composites 0.17 138.9 49 138.4 49 0.142 1.626
0.28 224.2 55 224.7 55 0.141 1.585
PmPV/CNT 0.11 94.8 2.2 94.4 2.2 0.149 0.934
composites 0.14 120.2 2.3 120.4 2.3 0.150 0.941
0.17 145.6 35 144.8 35 0.149 1.381
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Figure 5. Effect of foundation model on the thermal post-
buckling behavior of nanocomposite double-curved shallow
shells with the PMMA matrix.
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Figure 6. Effect of foundation model on the thermal post-
buckling behavior of nanocomposite double-curved shallow
shells with the PMMA matrix.

Thermal post-buckling results

In this section, numerical results are presented for the
nonlinear thermal post-buckling behavior of FG-
CNT-reinforced composite double-curved shallow
shells with the PMMA and PmPV matrices the mater-
ial properties of which are shown in Tables 2 and 3.
The geometrical parameters of FG-CNT-reinforced
composite double-curved shallow shells are shown in
detail in Figures 5 to 12.

Figures 5 and 6 compare the influences of Winker
foundation model and Pasternak foundation model
on the thermal post-buckling behavior of FG-CNT
double-curved shallow shells with two different matri-
ces. In these figures, the double-curved shallow shells
are examined with three cases without elastic founda-
tions (Ky, K,) = (0,0), the Winkler foundation model
(Kw.K,) =(0.1,0), and the Pasternak foundation
model (Ky, K,) = (0.1,0.03). It can be seen that the
elastic foundations have significantly affected the ther-
mal post-buckling strength of double-curved shallow
shells increases.

400 T
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<
= 200
N

100 a/h=25, a/b=1, (m,n) =1,

k1 =(.2 GPa/m, k2 =(0.01 GPa.m,
R = a/Ry =05,V 7012, PMMA -_ uig 1
0 L I I L =Y.
0 0.2 0.4 0.6 0.8 1
Wih

Figure 7. Effect of different types of CNTs on the thermal
post-buckling behavior of nanocomposite double-curved shal-
low shells with the PMMA matrix.
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Figure 8. Effect of different types of CNTs on the thermal
post-buckling behavior of nanocomposite double-curved shal-
low shells with the PmPV matrix.

The effect of three various types of CNTs on the
thermal post-buckling behavior of nanocomposite
double-curved shallow shells with PMMA matrix
(Figure 7) and PmPV matrix (Figure 8) are observed.
The geometrical parameters of the double-curved
shallow shells are shown in these figures. It is clear
that the thermal post-buckling strength of FG-X
CNT-reinfoced composite double-curved shallow
shells is the highest when Wh < 0.6 (Figure 6) and
Wh <1 (Figure 7). The thermal post-buckling
strength of UD CNT-reinforced composite double-
curved shallow shells is slightly lower than the
FG-X type and the thermal post-buckling strength
of FG-O type is the lowest among the three types.

Figures 9 and 10 illustrate the effect of CNTs volume
fraction on the post-buckling behavior of nanocompo-
site double-curved shallow shells with PMMA and
PmPV matrices, respectively. In Figure 9, three differ-
ent sets of CNTs volume fraction Vi, = (0.12, 0.17,
0.28) are examined. The thermal post-buckling strength
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Figure 9. Effect of volume fractions of CNTs on the thermal
post-buckling behavior of nanocomposite double-curved shal-
low shells with PMMA matrix.
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Figure 10. Effect of volume fractions of CNTs on the thermal
post-buckling behavior of nanocomposite double-curved shal-
low shells with PmPV matrix.

of the double-curved shallow shell with V¢ = 0.17 is
the highest. Meanwhile, the thermal post-buckling
strength of the double-curved shallow shell with
Vi = 0.28 is the lowest. In Figure 10, the post-buck-
ling behavior of nanocomposite double-curved shallow
shells with PmPV matrices are considered with three
cases of CNTs volume fraction Vi, = (0.11, 0.14,
0.17). As can be seen, the thermal post-buckling
strength of the double-curved shallow shells increases
when CNTs volume fraction increases. The thermal
post-buckling strength of the double-curved shallow
shell with V¢y,=0.17 is the highest. The thermal
post-buckling strength of the double-curved shallow
shell with V§y, = 0.14 is lower and the thermal post-
buckling strength of the shell with V¢, = 0.11 is the
lowest.

Figure 11 shows the effect of a/b ratio on the ther-
mal post-buckling behavior of FG-CNT-reinforced
composite double-curved shallow shells. Three cases
of ratio a/b =(1,1.5,3) are considered. A gradual
increase on the thermal post-buckling strength of
nanocomposite double-curved shallow shells can be
seen when a/b ratio increases and vice versa.

ah=25,(mn)=1, kl =0.3 GPa/m

100 k2 =0.01GPa.m, Rx/a = Rv/a =03
Vi, = 0.12,FG-0, PMMA = =p=0
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Wih
Figure 11. Effect of ratio a/b on the thermal post-buckling

behavior of nanocomposite double-curved shallow shells rein-
forced by CNTs.
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Figure 12. Effect of length-to-radius ratio a/R, on the ther-
mal post-buckling behavior of nanocomposite double-curved
shallow shells reinforced by CNTs.

Figure 12 compares the effect of length to radius
(a/R; =(0.3,0.5,0.6)) on the post-buckling behavior
of FG-CNT-reinforced composite double-curved shal-
low shells. It is found that when a/ R, ratio is increased,
the thermal post-buckling load—deflection curve
becomes lower and vice versa. The post-buckling
curve shows the post-buckling strength of FG-CNT-
reinforced composite double-curved shallow shells. In
other words, a/R, increase makes the shells thinner,
which results in the lower load capacity of the shells.
As can be seen, the thermal post-buckling strength of
FG-X CNT-reinforced composite double-curved shal-
low shell is higher than UD CNT-reinforced composite
double-curved shallow shell.

Mechanical post-buckling results

Numerical results are presented in this section for the
nonlinear mechanical post-buckling behavior of
FG-CNT-reinforced composite double-curved shal-
low shells. PMMA is chosen as the matrix of the
double-curved shallow shells and the material
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Figure 13. Effect of a/R, ratio on the load—deflection curves
of nanocomposite double-curved shallow shells.
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Figure 14. Effect of a/h ratio on the load—deflection curves
of nanocomposite double-curved shallow shells.

properties are shown in Tables 2 and 3. The geomet-
rical parameters of the double-curved shallow shells
are shown detail in Figures 13 to 17.

Figure 13 shows the influences of ratio /R, on
the mechanical post-buckling load—deflection curves
of nanocomposite double-curved shallow shells
reinforced by CNTs. Three different sets of ratio
a/R, =(0.4,0.5,0.6) are considered. It is clear that
there is a fluctuating increase of the mechanical
post-buckling strength for three cases. In addition,
the mechanical post-buckling strength of the double-
curved shallow shell increases when ratio a/R,
increases with W/h < 3.5.

Figure 14 shows the effect of length-to-thickness
ratio on the mechanical post-buckling behavior
of FG-CNT-reinforced composite double-curved shal-
low shells. Three different values of length-to-thickness
ratio (a/h = (25, 30, 35)) are considered. It is noticeable
that the increase in a/h leads to the mechanical post-
buckling load—deflection curve to become lower and
vice versa. That is correct because a/h increase makes
the FG-CNT-reinforced composite double-curved
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Figure 15. Effect of the foundation stiffness K,, on the load—
deflection curves of nanocomposite double-curved shallow
shells.
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Figure 16. Effect of the foundation stiffness Kp on the load—
deflection curves of nanocomposite double-curved shallow
shells.
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Figure 17. Effect of volume fractions of CNTs on the load—
deflection curves of nanocomposite double-curved shallow
shells.
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shallow shell to become thinner and the mechanical
post-buckling strength is decreased.

Figures 15 and 16 show the effect of the foundation
stiffness K, and K, on the load—deflection curves of
nanocomposite double-curved shallow shells. It is
noticed that the foundation stiffness have a positive
effect in making the capacity load of FG-CNT-
reinforced composite double-curved shallow shells
to become better. In addition, the capacity load
of nanocomposite double-curved shallow shells
reinforced by CNTs increases when the foundation
stiffness increases.

Figure 17 illustrates the effect of CNTs volume
fractions on the load—deflection curves of FG-CNT-
reinforced composite double-curved shallow shells.
Three cases of CNTs volume fraction are considered
Vinr =1(0.12, 0.17, 0.28). As can be seen, CNTs
volume fraction can enhance the post-buckling
strength of the double-curved shallow shells.

Concluding remarks

This work aims to analyze the nonlinear mechanical
and thermal post-buckling behavior of nanocompo-
site double-curved shallow shells reinforced by
CNTs. Based on the HSDT to derive the formulations
with von Karman geometrical nonlinearity, the non-
linear mechanical and thermal post-buckling behavior
are obtained by using the Galerkin’s method and
Airy’s stress function. The effect of geometrical and
material parameters on the nonlinear mechanical and
thermal post-buckling behavior of nanocomposite
double-curved shallow shells is examined. The follow-
ing conclusions can be obtained from this study:

e CNTs do wonders for the stiffness of nanocompo-
site double-curved shallow shells.

e The mechanical and thermal post-buckling
strength of nanocomposite double-curved shallow
shells are considerabaly affected by various types of
CNT distributions. The mechanical and thermal
post-buckling strength of FG-X CNT-reinfoced com-
posite double-curved shallow shells is the highest.

e The elastic foundations significantly affected the
mechanical and thermal post-buckling behavior
of nanocomposite double-curved shallow shells
reinforced by CNTs. In addition, the effect of
Pasternak elastic foundation is significantly stron-
ger than the Winkler elastic foundation.

e The geometrical parameters have effects on the
nonlinear mechanical and thermal post-buckling
behavior of nanocomposite double-curved shallow
shells reinforced by CNTs.
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