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1. INTRODUCTION

The Matched Field Processing for source localization has long 
history, and remains a viable area of research as well as appli-
cation of SONAR. The development of MFP is from the conven-
tional to other MFPs [1-5] in order to increase its reliability and 
resolution and to avoid mismatch conditions. Some methods 
such as empirical mode decomposition, adaptive MFP, com-
pressive MFP and MFP using Riemannian geometry have been 
introduced recently [6-9] but they are not covered the ocean 
variability scenario completely. When ocean environment vari-
ability or lack of ocean information or mismatch of ocean envi-
ronment leading to many modeled field replicas (the number 
of degree of freedom is increased), as a result the true source 
selection becomes more complexity.

The fact that Cross Spectral Density Matrices (CSDMs) 
which are not randomly but Hermite and positive definite, 
form a manifold that each CSDM is a point on it. One alwa-
ys uses Euclidean distance (ED) to compare the similarity 
between two CSDMs or two points in a manifold.  However, 
Riemannian distance (RD) has been suggested recently due 
to the principle of Riemannian geometry appropriate to the 
curvature of acoustic ray [10]. In this case, RD is a comparis-
on of geodesic distance between two points in a manifold. To 
reduce the complexity of RD calculation, we use an isometric 
mapping i.e., the mapping from the tangent space of a mani-
fold to the tangent space of an Euclidean subspace. Firstly, this 
idea is the methodology of pattern classification [11], then it is 
applied to the problem of acoustic source inversion in ocean 
waveguide [9].
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In this paper, we use a new isometric mapping which is called 
Sine Isometric Mapping (SIM)    ,
where

 is a point in the tangent space of a manifold and  
  is the corresponding point in the tangent space of an  

Euclidean space. Thanks to the isometric mapping, the  
minimum distance of all the parameterization paths l  
connecting two fix points (a,b) leading to the corresponding 
RD in a manifold. Then the Riemannian matched field proces-
sor is defined using the minimum of the RD in order to locate 
the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Rie-
mannian distance and SIM. The matched field processors ba-
sed on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper 
in Part 5.

2. sINe-IsOMeTRIC MaPPINg aND RIeMaNN-
IaN DIsTaNCe

2.1 CsDM MaTRIX manifold
An CSDM manifold (Μ,    ) is a manifold M which con-

sists of CSDM matrices and is equipped with inner product  
(Riemannian metric)       on the tangent space .Given the 
inner product     on, each point m that varies smoothly 
from point to point in the sense that if X and Y are differentia-
ble vector fields on M, then  is a smooth 
function.
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connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.
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where 

tr is trace operator for a matrix as in [12].

3. MATCHED FIELD PROCESSORS BASED ON RIEMANNIAN GEOMETRY

An acoustic pressure field on a vertical array of N sensors with locations 
( , ), , a a ap r z a 1 N

and from the true source coordinate 
( , )s s sp r z

is given by

( , ) . ( , ) ( ) 
s s a s a ap

F p p S G p p W p

(10)

where 

S is a spectral component of the source, 

G is Green function which is calculated by Normal mode model and  

W represents uncorrelated additive ambient noise.

The cross-spectral density matrix is written as
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 where  ija is element of matrix  A

and  H  is  the  transpose  conjugate  [12].  The  corresponding  normalization  of  CSDM  of

modeled field replica from estimated source coordinate 
 ( , )  p r z denoted by 

p
R

.

The matched field processor based on Riemannian Geometry is received by obtaining the

space  coordinates  of  modeled  field  replicas  which  are  scanning  over  all  modeled  field

replicas position ( , )
  

p r z with a subject constraint of minimization of specific Riemannian

distance.
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matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

points (a,b) leading to the corresponding RD in a manifold. Then the Riemannian matched 
field processor is defined using the minimum of the RD in order to locate the true source 
position in a more realistic manner. 
 
The paper is organized as follows. Part 2 introduces Riemannian distance and SIM. The 
matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

points (a,b) leading to the corresponding RD in a manifold. Then the Riemannian matched 
field processor is defined using the minimum of the RD in order to locate the true source 
position in a more realistic manner. 
 
The paper is organized as follows. Part 2 introduces Riemannian distance and SIM. The 
matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

points (a,b) leading to the corresponding RD in a manifold. Then the Riemannian matched 
field processor is defined using the minimum of the RD in order to locate the true source 
position in a more realistic manner. 
 
The paper is organized as follows. Part 2 introduces Riemannian distance and SIM. The 
matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

points (a,b) leading to the corresponding RD in a manifold. Then the Riemannian matched 
field processor is defined using the minimum of the RD in order to locate the true source 
position in a more realistic manner. 
 
The paper is organized as follows. Part 2 introduces Riemannian distance and SIM. The 
matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

points (a,b) leading to the corresponding RD in a manifold. Then the Riemannian matched 
field processor is defined using the minimum of the RD in order to locate the true source 
position in a more realistic manner. 
 
The paper is organized as follows. Part 2 introduces Riemannian distance and SIM. The 
matched field processors based on Riemannian geometry are described in Part 3. Some 
simulations are given in Part 4. Finally, we conclude the paper in Part 5. 

 
2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE 
2.1 CSDM MATRIX MANIFOLD 
An CSDM manifold (Μ, mg ) is a manifold M  which consists of CSDM matrices and is 
equipped with inner product (Riemannian metric) mg  on the tangent space ( )MT m . Given 
the inner product mg  on ( )MT m , each point m that varies smoothly from point to point in 

the sense that if X and Y are differentiable vector fields on M, then ( , )m m mm g X Y is a 

smooth function. 
 
2.2 SINE-ISOMETRIC MAPPING (SIM) 
Theorem 1:  

Let the mapping :f E M

  be such that sin( )m m=


 where ,m E m M∈ ∈

 
, M is CSDM atrix 

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by 
                                                                        ( , ) ,=mg a b a c                  (1) 

where , ( )Ma b T m∈ , and c is a matrix such that 2cos .mc b= . Then ( )MT m  and 
( )ET m  are 

isometric. 
Proof of theorem 1: 

Consider ( )l r  and ( )l r


 as respectively curves in M and E


 such that (0)l m M= ∈  and 

(0)l m E= ∈
  

 with ( ) ( )=


l r sinl r . Differentiating both sides with respect to r, we obtain 
 '
( ) [ ( )] ( ). ( )′ ′= =l r sinl r cosl r l r    (2) 

At r =0, thus 
'

. ′=m cosm m . In addition, ( )Mm T m′∈ and  
'
( )Em T m∈ . Thus for , ( )Ma b T m∈  

and  
, ( )Ea b T m∈ , we have 

 .=a cosm a  and  .=b cosm b     (3) 
Define an operator 

m
L  on 

( )ET m  such that 
( ) .=

m
L a cosm a . Then, (3) becomes 





( ), ( )m m= =a L a b L b . 

Since m


 is Hermitian, 
m
L  and 1

m
L −
 is also Hermitian. Thus 

 
  

1 1 2, ( ), ( ) , ( ) ,− − −= = =m m ma b L a L b a L b a c
   (4)

 

where 
2 ( )m

−=c L b . 

In another way,    
2 2( ) ( ( )) ( . ) .= = = =m m m mb L c L L c L cosm c cos m c     (5) 

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)

Define  an  operator  m

L

on  
( )

E
T m

 such  that  
( ) .

m
L a cosma

.  Then,  (3)  becomes





( ), ( )
m m

 a L a b L b
.

Since m


 is Hermitian, m

L

and 

1

m

L 


is also Hermitian. Thus

 
  
1 1 2, ( ), ( ) , ( ) ,    

m m m
a b L a L b a L b a c

(4)

where 
2 ( )

m

c L b
.

In another way,    
2 2( ) ( ( )) ( . ) .   

m m m m
b L c L L c L cosmc cos mc

(5)

Therefore,
 , ( , )

m
a b g a b

 or 
( )MT m

 and 
( )

E
T m

 are isometric.

2.3 Riemannian distance from SIM

Suppose that we have two points am  and bm on M. Parameterization of smooth curved path

on M connecting am  and  bm  is a smooth function : M    in which R  and   is an

open interval with their limits a b   
.

In general, the length of the path between the two points is calculated as

  

( ) ( , )





  
b

a

m dl m g m m

(6)

where

dm
m

d
 

, and 
(m ,m )mg  

 is an inner product in the tangent space, 
( )MT m

, at m on M.

The Riemannian distance between the two points is defined as the length of the geodesic,

i.e.,

(7)

                                                        
 

( ): ,
( , ) ( ( )

  


a b

R a b
m M

d m m min l m

The  length  of  a  geodesic  connecting  am and  bm in  M has  the  same length  of  geodesic

connecting am


and bm


 in E


 as a result of SIM.

Therefore we derived the Riemannian distance as follows

(8)

                                 




 



  2
2 ( , ) ,

 
 

  
a aa a

b bb b

a b a b a bSIM
m sinm m sinm

m sinm m sinm

d m m min m m min m m

In this paper, we use a new isometric mapping which is called Sine Isometric

Mapping (SIM),
 sinm m , where m is a point in the tangent space of a manifold and

m is the corresponding point in the tangent space of an Euclidean space. Thanks to

the isometric mapping, the minimum distance of all the parameterization paths l(θ)

connecting two fix points (a,b) leading to the corresponding RD in a manifold. Then

the Riemannian matched field processor is defined using the minimum of the RD in

order to locate the true source position in a more realistic manner.

The paper is organized as follows. Part 2 introduces Riemannian distance and

SIM. The matched field processors based on Riemannian geometry are described in

Part 3. Some simulations are given in Part 4. Finally, we conclude the paper in Part 5.

2. SINE-ISOMETRIC MAPPING AND RIEMANNIAN DISTANCE

2.1 CSDM MATRIX manifold

An  CSDM  manifold  (Μ, mg )  is  a  manifold  M  which  consists  of  CSDM  matrices  and  is

equipped with inner product (Riemannian metric)  mg  on the tangent space 
( )MT m

. Given

the inner product mg  on 
( )MT m

, each point m that varies smoothly from point to point in

the sense that if X and Y are differentiable vector fields on M, then 
( , )m m mm g X Y

is a

smooth function.

2.2 SINE-ISOMETRIC mapping (SIM)
Theorem 1: 

Let the mapping :f E M


  be such that sin( )m m


 where ,m E m M 
 

, M is CSDM atrix

manifold and E


 is subspace of Euclidean space. If the Riemannian metric on M is given by

                                                                        
( , ) ,mg a b a c

             (1)

where 
, ( )Ma b T m

, and c is a matrix such that  
2cos .mc b . Then 

( )MT m
 and  

( )
E
T m

 are

isometric.

Proof of theorem 1:

Consider  ( )l r  and  ( )l r


 as  respectively  curves  in  M and  E


 such that  (0)l m M   and

(0)l m E 
  

 with ( ) ( )


l r sinl r . Differentiating both sides with respect to r, we obtain

 '

( ) [ ( )] ( ). ( )  l r sinl r cosl r l r
(2)

At  r  =0, thus
' . m cosmm . In addition,  

( )Mm T m
and  



'

( )
E

m T m
.  Thus for  

, ( )Ma b T m

and 



, ( )

E
a b T m

, we have
 .a cosma  and

 .b cosmb (3)



AKUSTIKA, VOLUME 33 / September 2019 
www.akustikad.com

73

The Sound Speed Profile (SSP) from [14] is described in Fig. 2.

Fig. 2: SSP of SACLANTC 1993 North Elba

4.3 simulation results
-Each simulation uses 10 replicas of SONAR array data 

which provided by SACLANC and SNR level of 10 dB and the 
number of snapshot is greater than 30 samples. Twenty mo-
deled field replicas are obtained from variable sound speeds 
that changed to depth according to SSP as depicted in Fig. 2 
(In reality modeled field replicas could be caused from other 
factor such as internal-wave, bottom parameter mismatch 
and others). From Fig. 3 it can be seen that the true source 
can be detected at depth of 60 m and range of 6000 m if 20 
modeled field replicas and 10 data replicas were used for the 
proposed Riemannian matched field processor. In Fig. 4 the 
performance of the proposed Riemannian matched field pro-
cessor used only 6 modeled field replicas shows that beside 
the true source location there are a number of spurious peak 
locations which are corresponding to ocean variability or mi-
smatch conditions. Since the true source location is higher 
than other spurious peak locations, one can find it. However, 
we could not detect the source in the case in Fig. 5 when only 
3 modeled field replicas were used and all peak location are al-
most equally.  It is always the case of MFP when the number of 
modeled field replicas could not provide enough fluctuation 
of ocean environment. 

The comparison of Riemannian matched field processors is 
not easy since the complexity of physical interpretation of Ri-
emannian distance. However, the performance of conventio-
nal MFP is equivalent to the low level of Riemannian matched 
field processor (is not shown here).

On the basis the Riemannian distance of SIM (Part 2.3),  the 
proposed Riemanian matched field processor is written as

             (16)
In another way, the diagram of matched field processors ba-
sed on Riemannian geometry is described in Fig. 1 as follows

Fig. 1: Classification of Matched Field Processors based on Rie-
mannian geometry

4. sIMUlaTIONs

4.1 acoustic model
The acoustic model in this paper using Normal mode model, in 
this case the acoustic pressure from [13] is given by

        (17)

where 
r is range, 
z is depth,

is the depth of the source,
is sea water density,

is amplitude of mth mode, and
is mth eigenvalue (wavenumber).

4.2  Input acoustic data
Passive array data SONAR from SACLANTC1993 North Elba 
experiment available in Internet was used for processing [14].
The vertical underwater acoustic array data was collected in 
shallow-water off the Italia west coast by the NATO SACLANT 
Center in La Spezia, Italy. The original SACLANT time series has 
been converted to a series of MATLAB .mat files each of which 
contains a matrix “dat” that is 48 sensors by 64K data points 
long. Each file represents about 1 minute of data. The vertical 
array consists of 48 hydrophones with spacing 2 m between 
elements at total aperture length 94 m (18.7 m to 112.7 m in 
depth). The source emitted PRN signal with center frequency 
of 170 Hz.

According to [9] we have three matched field processors which are based on Riemannian

Geometry as follows
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5. CONClUsION

In view of Riemannian Geometry, Sine-Isometric Mapping 
(SIM) is introduced as well as the RD from SIM is derived. Then 
the Riemannian MFP based on the RD is analyzed and valida-
ted by simulation in the case of variable modeled field repli-
cas. The simulation results show that the true source could be 
found in a more realistic manner and it can be detected more 
precisely if the more modeled field replicas are used.

Fig. 3: Riemannian ambiguity surface for 20 modeled field replicas and 10 data replicas, SNR=10dB, No of snapshot> 30 samples

Fig. 4: Riemannian ambiguity surface for 6 modeled replicas and 10 data replicas, SNR=10 dB, No of snapshot>30 samples

Fig. 5: Riemannian ambiguity surface for 3 modeled replicas and 10 data replicas, SNR=10dB, No of snapshot>30 samples



AKUSTIKA, VOLUME 33 / September 2019 
www.akustikad.com

75

ReFeReNCes

[1] Tolstoy, A.: Matched Field Processing for Underwater Acoustics, World Scientific, 1993
[2] Tolstoy, A.: Application of matched field processing to inverse problems in underwater acoustics. IOP science, 16(6),p.1655-

1666, 2000, DOI: https:// doi.org/10.1088/0266-5611/16/6/304
[3] Baggeroer, A. B., W. A. Kuperman. W. A., Mikhalevskey. P. N.: An overview of matched field methods in ocean acoustics. IEEE 

J.Ocean  Engineering, 18 (4), p. 401-424, 1993
[4] Baggerorer, A. B.,Kuperman, W. A., Schmidt, H.: Matched field processing: Source localization in correlated noise as an opti-

mum parameter estimation problem. J. Acoustic. Soc. Am. 83(2), p. 571-587, 1988
[5] Kolev, N.: Sonar Systems, InTech, Tamil Nadu, 2011
[6] Wang, Q., Jiang, Q.: Simulation of matched field processing localization based on empirical mode decomposition and  

Karhunen - Loeve expansion inunderwater waveguide environment. EURASIP J. Adv. Sig Processing, Article ID 483524, 7 
pages, 2010

[7] Gemba, K. L., Hodgkiss, W. S., Gerstoft, P.: Adaptive and compressive matched field processing. J. Acoustic. Soc. Am, 141(92), 
p.92-103, 2017

[8] Mantzel, W., Romberg, J.: Compressive matched field processing. J. Acoustic. Soc, Am, 132(1), p. 90-102, 2017
[9] Finettea, S., Mignerey, P. C.: Stochastic matched-field localization of an acoustic source based on principles of Riemannian 

geometry. J. Acoustic. Soc. Am 143 (6), p.3628-3638 ,2018
[10] Kreyszig, E.: Differential Geometry, Oxford University Press, 1959
[11] Li, Y., Wong, K. M.: Riemannian distances for signal classification by power spectral density. IEEE. J. Sec. Top. Sig. Processing. 

7(4), p. 655-669, 2013
[12] Golub, G. H., Van Loan, C. F.: Matrix  computations, The Johns Hopkins University Press ,1996
[13]Jensen, J. B., Kuperman, W. A., Porter, M. B., Schmidt, H.: Computational Ocaen Acoustics, Sringer Science,  2011
[14] http://spib.rice.edu/spib/saclant.html

Tran Cao Quyen was born in  1976 in Hanoi, Vietnam. He was graduated Bachelor of Electronics and 
Telecommunications at Department of Electronics and Telecommunications, Hanoi University of Technol-
ogy in 1999 and obtained his Master degree of Telecommunications at AIT (Asian Institute of Technology), 
in Bangkok, Thailand in 2001 and Ph.D in Electronics and Telecommunications from Vietnam National 
University, Hanoi (VNUH) in 2012. He is with the Faculty of Electronics and Telecommunications, University 
of Engineering and Technology (VNUH) from 2002 up to now where he has been a faculty member. Beside 
giving several courses his major subjects are but not limited to Underwater Acoustic and Sonar, Electromag-
netic Enginerring, Signal and System, Antenna and Propagations. He is also involved in some projects in 
SONAR and RADAR for VNUH as well as for Military Sector.


