
Inconsistency Measures for
Probabilistic Knowledge Bases

Van Tham Nguyen
Nam Dinh University of

Technology Education, Vietnam
Email: thamnv.nute@gmail.com

Trong Hieu Tran
Vietnam National University,

Hanoi, Vietnam
Email: hieutt@vnu.edu.vn

Abstract—One of the major concerns in knowledge integration
is inconsistencies in knowledge bases. An inconsistency measure
is a tool that helps analyzing inconsistency knowledge bases
and resolving inconsistencies. In recent years, a wide range of
measures with desirable properties have been proposed, however,
these measures often correspond to logical, or probabilistic-
logical framework. In this paper, we investigate several incon-
sistency measures and their properties for the knowledge bases
represented by probabilistic framework.

I. INTRODUCTION

Nowdays, many researches on artificial intelligence deal
with inconsistency of the knowledge base. Inconsistencies
may easily arise in many applications during the process
of merging information from different source. For example,
when some experts may share their knowledge to solve a
problem. Because of their different perspectives, they may
yield a common inconsistent knowledge base. Although these
inconsistencies often affect only a small portion of the joint
knowledge base or occur from only small differences in their
knowledge, they cause severe damage. Therefore, solving in-
consistency of knowledge is a basic and very essential subtask
in many tasks of knowledge management [1]. Furthermore, the
degree of inconsistency could affect the quality of collective
knowledge [2]. Some approaches have been developed to
resolve inconsistencies by adjusting conditional probabilities
[3] or removing parts of the knowledge base [3], employing
inconsistency measures to assess the extent of inconsistency
[4-9]. An inconsistency measure assigns a non-negative real
value to a knowledge base with the intended meaning that the
larger the values the larger the inconsistency in knowledge
base, with the value equals zero meaning that knowledge base
is consistent.
Inconsistency measures for logic framework
A overview of measures for classical logics has been proposed
in [10-12]. The idea of inconsistency measures is to based on
formulae, variables, and distances, and to use Shapley Value.
The class of those measures takes into account the number
of formulae, the proportion of the propositional variables
required to produce an inconsistency. Another approach is
that measures rely on minimal inconsistent sets correspond
to combinatorial optimization problems [11,13]. The opposite
method to ones in [13] is to ultilize the set of maximal
consistent subsets to define inconsistency measure [14].

Inconsistency measures for probabilistic-logical framework
A class of inconsistency measures for probabilistic logics
can be found in [7]. The measures can be implemented by
enumerating the minimal inconsistent sets, or by combining
the numbers of minimal inconsistent sets that contain certain
rules. In [6], two steps are proposed for implementing an
inconsistency measure. The first step is to arrange the size
of probability intervals in a vector. The second step is to
measure the size of this vector with respect to a 𝑝-norm.
The family of minimal violation measures that correspond to
convex optimization problems computed by means of convex
optimization techniques [15]. The class of those measures
derives from the idea of measuring violation with respect
to some norm like the euclidean. If the violation value is
zero, the knowledge base is consistent. The class of the
minimal violation measures with integrity constraints in [16]
is extended from [15, 17].
Inconsistency measures for probabilistic framework
In [4, 18], measuring inconsistency in conditional probabilistic
knowledge bases has focused on the practical aspects of ef-
ficiently resolving inconsistencies when merging probabilistic
rule sets. In [3, 19], a set of heuristics that are used to restore
consistency in a knowledge base not based on a theoretical
elaboration. However, this result has been applied successfully
to improve fraud detection in management. Several inconsis-
tency measures for probabilistic framework can be found in
[5]. Minimally changing the inconsistency knowledge base to
a consistent one is the major idea of this class of measures.
The unnormalized inconsistency measure is the solution of
the optimization problem and Shapley inconsistency measure
is defined by Shapley value that proposed in [20].
The inconsistency of knowledge base could bring about some
conflicts between the knowledge states of a collective. The
measure of the quality of collective knowledge depend on the
distance from the collective knowledge to the real knowledge
state. The quality of collective knowledge tends to be better
if added members are closer to the real knowledge state. This
approach has been put forward in [21].
The main contribution of this paper is twofold. First, we make
a deeply survey on the classically inconsistency measures and
adjust some of them to the probabilistic framework. Second,
we investigate a set of desirable properties for inconsistency
measures and point out the logical relation among them.
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This paper is organized as follows. In Section II we start with
some necessary preliminaries about the probability, the condi-
tional probability, conditional probabilistic rules, probabilistic
constraint, and knowledge bases represented by probabilistic
framework. Afterwards, in Section III we investigate some
desirable properties of inconsistency measures on probabilistic
knowledge bases. In section IV we provide the definitions of
inconsistency measures on probabilistic knowledge bases and
the propositions of desirable properties investigated in Section
III corresponds to each inconsistency measure which should
be fulfilled. Conclusion and future work are in Section V.

II. PRELIMINARIES

In this section we introduce two basic notions used in
this work, namely a probability function and a probabilistic
knowledge base. A knowledge base is a collection of entities,
facts, relationships that conforms with a certain data model. To
represent a knowledge base using probabilistic framework, the
probability theory plays an important role. We will consider
some of the concepts and principles of conditional probability
that are very useful for knowledge representation.

A. Events and Probability

The set of all possible outcomes of a statistical experiment
is called the sample space and is represented by the symbol
S. Each outcome in a sample space is called a sample point.
An event 𝐸 is a subset of a sample space S. That is, an event is
a set consisting of possible outcomes of the experiment. If the
outcome of the experiment is contained in 𝐸, then we say that
𝐸 has occurred. Let E = {𝐸1, ..., 𝐸𝑛} be the set of events.
For example, if the outcome of an experiment consists in the
determination of the sex of a newborn child, then S = {g, b}
where the outcome g means that the child is a girl and b that
it is a boy; if 𝐸 = {g}, then 𝐸 is the event that the child is a
girl. Similarly, if 𝐸 = {b}, then 𝐸 is the event that the child
is a boy.
For 𝐹,𝐺 ∈ E, conjunction 𝐹 ∧ 𝐺 is abbreviated by 𝐹𝐺
and negation ¬𝐹 by 𝐹 . The intersection of two events 𝐹,𝐺,
denoted by 𝐹𝐺, is the event containing all elements that are
common to 𝐹 and 𝐺.
Let Γ(E) be the set of all complete conjunctions of E, defined
as:

Γ(E) =
2𝑛∪
𝑗=1

{Δ𝑗 ∣Δ𝑗 = �̃�1...�̃�𝑛,

�̃�𝑖 = 𝐸𝑖 or �̃�𝑖 = �̄�𝑖, 1 ≤ 𝑖 ≤ 𝑛}

The probability of an event 𝐸 is the sum of the weights of all
sample points in 𝐸, denoted by 𝒫(𝐸). Therefore,

0 ≤ 𝒫(E) ≤ 1 and 𝒫(S) = 1

For any sequence of mutually exclusive events 𝐸1, 𝐸2, ..., 𝐸𝑛

(that is, events for which 𝐸𝑖𝐸𝑗 = ∅ when 𝑖 ∕= 𝑗),

𝒫

(
𝑛∪

𝑖=1

𝐸𝑖

)
=

𝑛∑
𝑖=1

𝒫(𝐸𝑖), n = 1, 2,...,∞

The conditional probability of 𝐹 , given 𝐺, denoted by
𝒫 (𝐹 ∣𝐺 ), is defined by

𝒫 (𝐹 ∣𝐺 ) = 𝒫 (𝐹𝐺)
𝒫(𝐺)

= 𝜌, 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝒫(𝐺) > 0

Two events 𝐹 and 𝐺 are independent if and only if
𝒫 (𝐹 ∣𝐺 ) = 𝒫(𝐹 ) 𝑜𝑟 𝒫 (𝐺 ∣𝐹 ) = 𝒫(𝐺) assuming the
existences of the conditional probabilities. Otherwise, 𝐹 and
𝐺 are dependent.
Conditional probabilistic rules:

∙ 𝒫(𝐹𝐺) = 𝒫(𝐹 )𝒫(𝐺∣𝐹 ) = 𝒫(𝐺)𝒫(𝐹 ∣𝐺) provided
𝒫(𝐹 ) > 0, 𝒫(𝐺) > 0

∙ 𝑃 (𝐺𝑘 ∣𝐹 ) = 𝑃 (𝐺𝑘)𝑃 (𝐹 ∣𝐺𝑘 )
𝑛∑

𝑖=1

𝑃 (𝐺𝑖)𝑃 (𝐹 ∣𝐺𝑖 )
∀𝑘 = 1, ..., 𝑛

∙ 𝒫(𝐹 ) =
𝑛∑

𝑖=1

𝒫(𝐺𝑖)𝒫(𝐹 ∣𝐺𝑖 )

B. Probabilistic knowledge base

A probabilistic constraint 𝜅 is an expression of the form
(𝐹 ∣𝐺)[𝜌] with 𝐹,𝐺 ∈ E and 0 ≤ 𝜌 ≤ 1 over S. Intuitively,
a constraint (𝐹 ∣𝐺 ) [𝜌] that our knowledge in 𝐹 given that 𝐺
hold is 𝜌. If 𝐺 is tautological, 𝐺 ≡ ⊤, we abbreviate (𝐹 ∣⊤)[𝜌]
by (𝐹 )[𝜌].

Definition 1. (Probabilistic knowledge base). Probabilistic
knowledge base 𝒦 is a finite set of probabilistic constraints
defined as:

𝒦 = ⟨𝜅1, ..., 𝜅𝑛⟩

where 𝜅𝑖 = (𝐹𝑖∣𝐺𝑖)[𝜌𝑖], ∀𝑖 = 1, ..., 𝑛

Let 𝕂 be the set of all knowledge bases. Let ℝ≥0 be the
set of non-negative real values including +∞. Let ℝ[0,1] be
the set of all real values from 0 to 1.
A complete conjunction Δ𝑗 ∈ Γ(E) for 𝑗 = 1, ..., 2𝑛 satisfies
an event 𝐹 , denoted by Δ𝑗 ∣= 𝐹 if and only if 𝐹 positively
appears in Δ𝑗 .
Let SE(𝐻) = {Δ𝑗 ∈ Γ(E)∣Δ𝑗 ∣= 𝐻} for 𝑗 = 1, ..., 2𝑛, where
𝐻 is an event or a set of events.
Let 𝒫𝒦 : Γ(E)→ ℝ[0,1] be a probability function that fulfills
all restrictions on the conditional probabilities imposed by the
probabilistic constraints in 𝒦.
Let Υ(E) be the set of all probability functions 𝒫𝒦, defined

by Υ(E) =
2𝑛∪
𝑗=1

{𝒫𝒦(Δ𝑗)}.

A probability function 𝒫𝒦 ∈ Υ(E) satisfies a probabilistic
constraint (𝐹 ∣𝐺)[𝜌], denoted by 𝒫𝒦 ∣= (𝐹 ∣𝐺)[𝜌], if and only
if 𝒫𝒦(𝐹𝐺) = 𝜌𝒫𝒦(𝐺).
A probability function 𝒫𝒦 satisfies 𝒦, denoted by 𝒫𝒦 ∣= 𝒦,
if and only if 𝒫𝒦 ∣= 𝜅, ∀𝜅 ∈ 𝒦.
With 𝐹 ∈ E,

𝒫𝒦(𝐹 ) =
∑

Δ𝑗∈Γ(E),Δ𝑗 ∣=𝐹 (𝑗=1,...2𝑛)

𝒫𝒦(Δ𝑗)

For every constraint (𝐹𝑖∣𝐺𝑖)[𝜌𝑖], 𝑖 = 1, .., 𝑛, we write:∑
Δ𝑗∈𝑆𝐸(𝐹𝑖𝐺𝑖)

𝒫𝒦 (Δ𝑗) = (𝜌𝑖 + 𝑥𝑖 − 𝑦𝑖) .
∑

Δ𝑗∈𝑆𝐸(𝐺𝑖)

𝒫𝒦 (Δ𝑗)
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∀ 𝑗 = 1, ..., 2𝑛, where 𝑥𝑖, 𝑦𝑖 (∀ 𝑖 = 1, .., 𝑛) are deviations
to avoid determining absolute values when summing the
deviations.
Let 𝒫 : Υ(E)→ ℝ[0,1] be a probability function in Υ(E) such
that 𝒫(𝒫𝒦) > 0 only for finitely many 𝒫𝒦 ∈ Υ(E).
Let Γ̃(E) be the set of all probability functions 𝒫 , defined by
Γ̃(E) = {𝒫(𝒫𝒦)∣𝒫(𝒫𝒦) > 0,𝒫𝒦 ∈ Υ(E)}.
Let 𝒫(𝜅) be a probability of constraint 𝜅 that satisfies 𝜅,
defined as:

𝒫(𝜅) =
∑

𝒫𝒦∈Υ(E),𝒫𝒦∣=𝜅

𝒫(𝒫𝒦)

Example 1. Vietnam Airlines make a survey about their flights.
They get the opinions of customers, attendants and pilots:
- Customers think the probability that a regularly scheduled
flight departs on time (D) is 𝜌1; the probability that it arrives
on time (A) is 𝜌2; and the probability that a plane arrives on
time when it departed on time is 𝜌3.
- Stewards and Pilots say the probability that a regularly
scheduled flight departs on time (D) is 𝜌4; the probability that
it arrives on time (A) is 𝜌5; and the probability that a plan
departed on time when it has arrived on time is 𝜌6.
We have probabilistic knowledge bases as follows:
𝒦1 = ⟨(𝐷)[𝜌1], (𝐴)[𝜌2], (𝐴∣𝐷)[𝜌3]⟩
𝒦2 = ⟨(𝐷)[𝜌4], (𝐴)[𝜌5], (𝐷∣𝐴)[𝜌6]⟩

III. DESIRABLE PROPERTIES FOR INCONSISTENCY

MEASURES

In knowledge-based systems the notion consistency of
knowledge is most often understood as a situation in which a
knowledge base does not contain contradictions. Thus incon-
sistency of knowledge appears if there are some contradictions.
However, this definition is not satisfactory because the notion
inconsistency is only replaced by the notion contradiction.
Contradiction is easily defined in stood as a situation in which
a set of logic formulae has no model; that is, on the basis of
these formulae one can infer false. For example, for a set
nonlogic knowledge bases the notion of contradiction is more
difficult to define. The notion of inconsistency of knowledge
is more complex than the notion of contradiction.
We are interested in determining for a specific knowledge base
𝒦, whether 𝒦 is consistent if there is at least one probability
function 𝒫𝒦 with 𝒫𝒦 ∣= 𝒦 or inconsistent if there is no such
𝒫𝒦. Let PS(𝒦) be the set of probability functions 𝒫𝒦 with
𝒫𝒦 ∣= 𝒦, defined by PS(𝒦) = {𝒫𝒦∣𝒫𝒦 ∣= 𝒦}. Therefore,
if PS(𝒦) = ∅ then 𝒦 is inconsistent, denoted by 𝒦 ∣= ⊥ .
Otherwise, 𝒦 is consistent, denoted by 𝒦 ∕∣= ⊥ .

Example 2. Consider the knowledge bases from Example
1 with 𝜌1 = 0.7, 𝜌2 = 0.5, 𝜌3 = 0.9, 𝜌4 = 0.4, 𝜌5 =
0.75, 𝜌6 = 0.85, we have:
𝒦1 = ⟨(𝐷)[0.7], (𝐴)[0.5], (𝐴∣𝐷)[0.9]⟩
𝒦2 = ⟨(𝐷)[0.4], (𝐴)[0.75], (𝐷∣𝐴)[0.85]⟩
Detecting that PS(𝒦1) = ∅ as 𝒫𝒦1

∣= ⟨(𝐷)[0.7], (𝐴∣𝐷)[0.9]⟩
results in 𝒫𝒦1

(𝐴) ≥ 0.7 × 0.9 = 0.63 which can not
concurrently be satisfied with 𝒫𝒦1

(𝐴) = 0.5. Therefore,
𝒦1 ∣= ⊥. Similarly, 𝒦2 ∣= ⊥.

Definition 2. (Inconsistency measure). Inconsistency measure
ℐℳ is a function ℐℳ : 𝕂 → ℝ≥0 such that ℐℳ(𝒦) = 0 if
and only if PS(𝒦) ∕= ∅, 𝒦 ∈ 𝕂.

A knowledge base is consistent if there is at least one
interpretation that satisfies all its formula. If a knowledge base
𝒦 is inconsistent, then one can define the minimal inconsistent
subsets of 𝒦 as:

Definition 3. (Minimal inconsistent subset). A set of proba-
bilistic constraints 𝒞ℳ𝒫 ⊆ 𝒦 is minimal inconsistent subset
if 𝒞ℳ𝒫 ∣= ⊥ and every 𝒞ℳ𝒫𝑠 ⊂ 𝒞ℳ𝒫 then 𝒞ℳ𝒫𝑠 ∕∣= ⊥.

Let SMI(𝒦) be the set of the minimal inconsistent subsets
of 𝒦 ∈ 𝕂, defined as:

SMI(𝒦) = {𝒞ℳ𝒫 ⊆ 𝒦∣𝒞ℳ𝒫 ∣= ⊥
𝑎𝑛𝑑 ∀𝒞ℳ𝒫𝑠 ⊂ 𝒞ℳ𝒫 : 𝒞ℳ𝒫𝑠 ∕∣= ⊥}

Definition 4. (Maximal consistent subset). A set of proba-
bilistic constraints ℳ𝒞𝒮 ⊆ 𝒦 is maximal consistent subset if
ℳ𝒞𝒮 ∕∣= ⊥ and every 𝒦 ⊇ℳ𝒞𝒮𝑠 ⊃ℳ𝒞𝒮 then ℳ𝒞𝒮𝑠 ∣= ⊥

Let SMC(𝒦) be the set of the maximal consistent subsets
of 𝒦 ∈ 𝕂, defined as:

SMC(𝒦) = {ℳ𝒞𝒮 ⊆ 𝒦∣ℳ𝒞𝒮 ∕∣= ⊥
𝑎𝑛𝑑 ∀𝒦 ⊇ℳ𝒞𝒮𝑠 ⊃ℳ𝒞𝒮 :ℳ𝒞𝒮𝑠 ∣= ⊥}

Let SCC(𝒦) be the set of self-contradictory constraints of
of 𝒦 ∈ 𝕂, defined as:

SCC(𝒦) = {𝜅 ∈ 𝒦∣𝜅 ∣= ⊥}

Definition 5. (Free constraint). A probabilistic constraint 𝜅 ∈
𝒦 is free constraint in 𝒦 if and only if 𝜅 /∈ 𝒞ℳ𝒫 for all
𝒞ℳ𝒫 ∈ SMI(𝒦).

Let Fc(𝒦) be the set of all free constraints of 𝒦, defined
as:

Fc(𝒦) = {𝜅 ∈ 𝒦∣𝜅 /∈ 𝒞ℳ𝒫, ∀ 𝒞ℳ𝒫 ∈ SMI(𝒦)}

Let App(CoB) denote the set of atoms appearing in 𝐶𝑜𝐵
where 𝐶𝑜𝐵 is a constraint or a knowledge base.

Definition 6. (Safe constraint). A probabilistic constraint
𝜅 ∈ 𝒦 is safe constraint in 𝒦 if and only if App(𝜅) ∩
App(𝒦∖{𝜅}) = ∅.

Let Sc(𝒦) be the set of all safe constraints of 𝒦, defined
as:

Sc(𝒦) = {𝜅 ∈ 𝒦∣App(𝜅) ∩ App(𝒦∖{𝜅}) = ∅}

In the rest later, we will put forward several properties of
ℐℳ which are used to characterize inconsistency measure.
Some of the following properties are adapted from (Hunter
and Konieczny, 2006) and rewritten to fit a probabilistic
framework.
Consistency (CON): If 𝒦 is consistent, then ℐℳ(𝒦) = 0.
CON describes the minimal requirement for an inconsistency
measure ℐℳ(𝒦)
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Inconsistency (ICO): If 𝒦 is inconsistent, then ℐℳ(𝒦) > 0
ICO requires that every inconsistent knowledge base has a
strictly positive inconsistency value.
Monotonicity (MON): It holds that ℐℳ(𝒦) ≤ ℐℳ(𝒦 ∪ 𝜅).
MON requires that ℐℳ will increase under adding constraints
to the knowledge base.
Super-Additivity (SUA): If 𝒦1 ∩ 𝒦2 = ∅, it is ℐℳ(𝒦1 ∪
𝒦2) ≥ ℐℳ(𝒦1) + ℐℳ(𝒦2)
SUA requires that the inconsistency value of the comon
knowledge base is not smaller the sum of the inconsistency
values of two individual knowledge bases. Note that SUA is
the stronger property, as it can be easily seen that SUA implies
MON.
Normalization (NOR): It holds that ℐℳ(𝒦) ∈ [0, 1]
NOR expresses that ℐℳ is always in the unit interval.
MI-separability (MIS): If SMI(𝒦1 ∪ 𝒦2) = SMI(𝒦1) ∪
SMI(𝒦2) and SMI(𝒦1)∩SMI(𝒦2) = ∅ then ℐℳ(𝒦1∪𝒦2) =
ℐℳ(𝒦1) + ℐℳ(𝒦2)
MIS demands that if the minimal consistent subsets of 𝒦1 and
𝒦2 are separated, the inconsistency value of uninion of two
knowledge base 𝒦1∪𝒦2 is the sum of the inconsistency values
of 𝒦1 and 𝒦2.
Free-constraint independence (FCI): If 𝜅 ∈ Fc(𝒦) then
ℐℳ(𝒦) = ℐℳ(𝒦∖{𝜅}).
FCI expresses that the inconsistency value should not be
changed when eliminating a free constraint from 𝒦.
Safe-constraint independence (SCI): If 𝜅 ∈ Sc(𝒦) then
ℐℳ(𝒦) = ℐℳ(𝒦∖{𝜅})
SCI states that the inconsistency value should not be changed
when eliminating a safe constraint from 𝒦.
Penalty (PEN): If 𝜅 /∈ Fc(𝒦) and 𝜅 ∈ 𝒦 then ℐℳ(𝒦) >
ℐℳ(𝒦∖{𝜅})
PEN requires that adding inconsistent information increases
the inconsistency value.

Definition 7. (Basic inconsistency measure). An inconsistency
measure of knowledge base 𝒦 is called a basic inconsistency
measure, denoted ℐℳ𝑏(𝒦), if it satisfies the following prop-
erties: CON, NOR, MON, FCI

IV. INCONSISTENCY MEASURES

We consider existing approaches to inconsistency measure-
ment for classical logic, probabilistic-logical and adjust those
to the probabilistic framework.

Definition 8. (Drastic inconsistency measure). Function
ℐℳ𝑑𝑟(𝒦) is called a drastic inconsistency measure whenever
it is defined as follows: ℐℳ𝑑𝑟 : 𝕂→ ℝ≥0,

ℐℳ𝑑𝑟(𝒦) =
{
1 𝑖𝑓 𝒦 ∣= ⊥,
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

for 𝒦 ∈ 𝕂.

Proposition 1. The function ℐℳ𝑑𝑟 fulfills CON, MON, NOR,
FCI, and SCI.

It is easy to see that the function ℐℳ𝑑𝑟 violates SUA, MIS,
and PEN.

Proposition 2. The function ℐℳ𝑑𝑟 is a basic inconsistency
measure.

Example 3. Consider the knowledge bases 𝒦1 and 𝒦2 from
Example 2. It follows that ℐℳ𝑑𝑟(𝒦1) = 1 and similarly
ℐℳ𝑑𝑟(𝒦2) = 1. It follows that 𝒦1∩𝒦2 = ∅ and ℐℳ𝑑𝑟(𝒦1∪
𝒦2) = 1 < ℐℳ𝑑𝑟(𝒦1) + ℐℳ𝑑𝑟(𝒦2) = 2 thus failing to
satisfy SUA.
It follows that SMI(𝒦1) = {(𝐷)[0.7], (𝐴)[0.5], (𝐴∣𝐷)[0.9]}
and SMI(𝒦2) = {(𝐷)[0.4], (𝐴)[0.75], (𝐴∣𝐷)[0.85]} thus vio-
lating MIS.
Furthermore, observe that violating PEN as Fc(𝒦1) = ∅ and
Fc(𝒦2) = ∅.

Definition 9. (MI-inconsistency measure). Function
ℐℳ𝑚𝑖(𝒦) is called MI-inconsistency measure whenever
it is defined as follows: ℐℳ𝑚𝑖 : 𝕂→ ℝ≥0,

ℐℳ𝑚𝑖(𝒦)= ∣SMI(𝒦)∣

for 𝒦 ∈ 𝕂.

Proposition 3. The function ℐℳ𝑚𝑖 fulfills CON, MON, SUA,
MIS, FCI, SCI, and PEN.

It is easy to see that the function ℐℳ𝑚𝑖 satisfies all
desirable properties except NOR.

Example 4. Consider 𝒦1 and 𝒦2 from Example 2. We have
ℐℳ𝑚𝑖(𝒦1) = 1 and ℐℳ𝑚𝑖(𝒦2) = 1. Hence violating NOR,
because ℐℳ𝑚𝑖(𝒦1 ∪ 𝒦2) = 2 /∈ [0, 1].

Definition 10. (SMI𝐶−inconsistency measure). Function
ℐℳ𝑐

𝑠𝑚𝑖(𝒦) is called SMI𝐶-inconsistency measure whenever
it is defined as follows: ℐℳ𝑐

𝑠𝑚𝑖 : 𝕂→ ℝ≥0,

ℐℳ𝑐
𝑠𝑚𝑖(𝒦) =

∑
𝒞ℳ𝒫∈SMI(𝒦)

1

∣𝒞ℳ𝒫∣

for 𝒦 ∈ 𝕂.

Note that if SMI(𝒦) = ∅, ℐℳ𝑐
𝑠𝑚𝑖(𝒦) = 0 .

Proposition 4. The function ℐℳ𝑐
𝑠𝑚𝑖 fulfills CON, MON,

SUA, MIS, FCI, SCI, and PEN.

It is easy to see that the function ℐℳ𝑐
𝑠𝑚𝑖 only violates

NOR.

Example 5. Consider 𝒦1 and 𝒦2 from Example 2, it follows
that ℐℳ𝑐

𝑠𝑚𝑖(𝒦1) ≈ 0.33 and ℐℳ𝑐
𝑠𝑚𝑖(𝒦2) ≈ 0.33.

Definition 11. (ℓ−inconsistency measure). Function ℐℳℓ(𝒦)
is called ℓ−inconsistency measure whenever it is defined as
follows: ℐℳℓ : 𝕂→ ℝ≥0,

ℐℳℓ(𝒦) = 1−max{ℓ∣∃𝒫 ∈ Γ̃(E) : ∀𝜅 ∈ 𝒦 : 𝒫(𝜅) ≥ ℓ}

for 𝒦 ∈ 𝕂.

Proposition 5. The function ℐℳℓ fulfills CON, MON, NOR,
FCI, SCI.

It is easy to see that the function ℐℳℓ satisfies neither
SUA, MIS, nor PEN.

Proposition 6. The function ℐℳℓ is a basic inconsistency
measure.
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Example 6. Consider 𝒦1 from Example 2,
Let 𝒦11 = {(𝐷)[0.7], (𝐴)[0.5]}
Let 𝒦12 = {(𝐷)[0.7], (𝐴∣𝐷)[0.9]}
Let 𝒦13 = {(𝐴)[0.5], (𝐴∣𝐷)[0.9]}
it follows that: 𝒫𝒦11

∣= 𝒦11, 𝒫𝒦12
∣= 𝒦12, 𝒫𝒦13

∣= 𝒦13.
We have 𝒫(𝒫𝒦11

) = 𝒫(𝒫𝒦12
) = 𝒫(𝒫𝒦13

) ≈ 0.33, and
𝒫(𝒫𝒦) = 0 for 𝒫𝒦 ∈ Υ({𝐴,𝐷})∖{𝒫𝒦11

,𝒫𝒦12
,𝒫𝒦13

}.
Hence, we have 𝒫((𝐷)[0.7])) = 𝒫((𝐴)[0.5])) =
𝒫((𝐴∣𝐷)[0.9])) ≈ 0.66.
Therefore, it follows ℐℳℓ(𝒦1) = 1− 2

3 ≈ 0.33 and similarly
ℐℳℓ(𝒦2) ≈ 0.33 . However, ℐℳℓ(𝒦1 ∪ 𝒦2) ≈ 0.33 <
ℐℳℓ(𝒦1) + ℐℳℓ(𝒦2) ≈ 0.66 thus failing to satisfy both
SUA, MIS. Similarly in Example 3, ℐℳℓ(𝒦1) and ℐℳℓ(𝒦2)
violate PEN.

Definition 12. (𝜒−inconsistency Measure). Function
ℐℳ𝜒(𝒦) is called 𝜒−inconsistency measure whenever it is
defined as follows: ℐℳ𝜒 : 𝕂→ ℝ≥0,

ℐℳ𝜒(𝒦) = ∣SMC∣+ ∣SCC∣ − 1

for 𝒦 ∈ 𝕂.

Proposition 7. The function ℐℳ𝜒 fulfills CON, MON, SUA,
MIS, FCI, SCI, and PEN.

It is easy to see that the function ℐℳ𝜒 satisfies all desirable
properties except NOR.

Example 7. Consider 𝒦1 and 𝒦2 from Example 2. Observe
that SMC = {𝒦11,𝒦121,𝒦13} and SCC = ∅ implies
ℐℳ𝜒(𝒦1) = 3 + 0 − 1 = 2 and similarly ℐℳ𝜒(𝒦2) = 2,
therefore violating NOR.

Definition 13. (𝜇−inconsistency measure). Function
ℐℳ𝜇(𝒦) is called 𝜇−inconsistency measure whenever it is
defined as follows: ℐℳ𝜇 : 𝕂→ ℝ≥0,

ℐℳ𝜇(𝒦) = ∣𝒦∣ −𝑚𝑎𝑥{𝜉∣∀ℳ𝒞𝒮 ⊆ 𝐾 :

∣ℳ𝒞𝒮∣ = 𝜉 :ℳ𝒞𝒮 ∕∣= ⊥}

for 𝒦 ∈ 𝕂.

Proposition 8. The function ℐℳ𝜇 fulfills CON, MON, SUA,
MIS, FCI, SCI, and PEN.

It is easy to see that the function ℐℳ𝜇 perform well with
respect to all properties expect NOR.

Example 8. Consider 𝒦1 and 𝒦2 from Example 2. Observe
that ∣𝒦1∣ = 3 and 𝑚𝑎𝑥{∣𝒦11∣, ∣𝒦12∣, ∣𝒦13∣} = 2 implies
ℐℳ𝜇(𝒦1) = 3− 2 = 1 and similarly ℐℳ𝜇(𝒦2) = 1.

Definition 14. (DM-inconsistency measure). Function ℐℳ𝑝
𝑑𝑚

is called the DM-inconsistency measure whenever it is defined
as follows: ℐℳ𝑝

𝑑𝑚 : 𝕂→ ℝ≥0,

ℐℳ𝑝
𝑑𝑚(𝒦) = 𝑖𝑛𝑓{𝑑𝑝𝑛(�⃗�, �⃗�)∣

𝒦 = 𝒦[�⃗�] 𝑎𝑛𝑑 𝒦[�⃗�] ∕∣= ⊥}

for 𝒦 ∈ 𝕂, where:

𝑑𝑝𝑛(�⃗�, �⃗�) =
𝑝

√
∣𝑥1 − 𝑦1∣𝑝 + ...+ ∣𝑥𝑛 − 𝑦𝑛∣𝑝

for �⃗� = ⟨𝑥1, ..., 𝑥𝑛⟩, �⃗� = ⟨𝑦1, ..., 𝑦𝑛⟩ ∈ ℝ
𝑛 and 𝑛 = ∣𝒦∣.

Proposition 9. The function ℐℳ𝑝
𝑑𝑚 fulfills CON, MON, FCI,

and SCI.

Proposition 10. If p=1 then the function ℐℳ𝑝
𝑑𝑚 fulfills SUA

and MIS.

It is easy to see that ℐℳ𝑝
𝑑𝑚 satisfies neither NOR, nor

PEN.

Example 9. Consider 𝒦1, 𝒦2 from Example 2. We have
�⃗� = ⟨0.7, 0.5, 0.9⟩ corresponding to 𝒦1. We look for a consis-
tent knowledge base 𝒦1[�⃗�] = ⟨(𝐷)[0.5], (𝐴)[0.5], (𝐴∣𝐷)[1]⟩.
Here, �⃗� = ⟨0.5, 0.5, 1⟩. It is easy to see that ℐℳ𝑝

𝑑𝑚(𝒦1) =
𝑝
√
0.2𝑝 + 0.1𝑝. Therefore, with 𝑝 = 1 and 𝑝 = 2 it follows that

ℐℳ1
𝑑𝑚(𝒦1) = 0.3 respectively, and ℐℳ2

𝑑𝑚(𝒦1) ≈ 0, 224 and
similarly ℐℳ1

𝑑𝑚(𝒦2) = 0.5 and ℐℳ2
𝑑𝑚(𝒦2) ≈ 0, 31.

For 𝑝 = 1 it follows that ℐℳ1
𝑑𝑚(𝒦1) + ℐℳ1

𝑑𝑚(𝒦2) =
ℐℳ1

𝑑𝑚(𝒦1 ∪ 𝒦2) = 0.8, therefore satisfying both MIS and
SUA
However, for 𝑝 = 2 it follows that ℐℳ2

𝑑𝑚(𝒦1) +
ℐℳ2

𝑑𝑚(𝒦2) ≈ 0.534 > ℐℳ2
𝑑𝑚(𝒦1 ∪ 𝒦2) ≈ 0.381, therefore

failing to satisfy both MIS and SUA.
Similarly in Example 3, ℐℳ𝑝

𝑑𝑚(𝒦1) and ℐℳ𝑝
𝑑𝑚(𝒦2) violate

PEN.

Example 10. Consider the knowledge bases from Example 1
with 𝜌1 = 1, 𝜌2 = 0, 𝜌3 = 0.3 :
𝒦1 = ⟨(𝐷)[1.0], (𝐴)[0.0], (𝐴∣𝐷)[0.3]⟩
We have �⃗� = ⟨1, 0, 0.3⟩. We look for a consistent knowledge
base 𝒦1[�⃗�] = ⟨(𝐷)[0.5], (𝐴)[0.5], (𝐴∣𝐷)[0.5]⟩. Therefore,
with 𝑝 = 1 it follows that ℐℳ1

𝑑𝑚(𝒦1) = 1.2 violates NOR .

Definition 15. (SUM-inconsistency measure). Function
ℐℳ𝑠𝑢𝑚(𝒦) is called SUM-inconsistency measure whenever
it is defined as follows: ℐℳ𝑠𝑢𝑚 : 𝕂→ ℝ≥0,

ℐℳ𝑠𝑢𝑚(𝒦) =
∑

𝒞ℳ𝒫∈SMI(𝒦)

ℐℳ𝑝
𝑑𝑚(𝒞ℳ𝒫)

for 𝒦 ∈ 𝕂.

Proposition 11. The function ℐℳ𝑠𝑢𝑚 fulfills CON, MON,
SUA, MIS, FCI, SCI, and PEN.

It is easy to see that the function ℐℳ𝑠𝑢𝑚 only violates
NOR.

Example 11. Consider 𝒦1 from Example 9, it follows that
ℐℳ𝑠𝑢𝑚(𝒦1) = 1.2 thus failing to satisfy NOR.

Definition 16. (Probabilistic Shapley Inconsistency Value).
Let 𝒦 be a knowledge base, Probabilistic Shapley Inconsis-
tency Value of 𝜅 ∈ 𝒦, noted SIV𝒦(𝜅), defined as:

SIV𝒦(𝜅) =
∑

𝒦𝑠⊆𝒦

(𝑚− 1)!(𝑛−𝑚)!

𝑛!
𝑑

where 𝑚 = ∣𝒦𝑠∣, 𝑛 = ∣𝒦∣, 𝑑 = ℐℳ𝑏(𝒦𝑠)− ℐℳ𝑏(𝒦𝑠∖{𝜅})

Definition 17. (SV-inconsistency measure). Function
ℐℳ𝑠𝑣(𝒦) is called SV−inconsistency measure whenever it
is defined as follows: ℐℳ𝑠𝑣 : 𝕂→ ℝ≥0,

ℐℳ𝑠𝑣(𝒦) = max
𝜅∈𝒦

{SIV𝒦(𝜅)}
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for 𝒦 ∈ 𝕂.

Proposition 12. The function ℐℳ𝑠𝑣 fulfills CON, FCI, NOR.

Example 12. Consider 𝒦1 and 𝒦2 from Example 2 with
ℐℳ𝑑𝑟(𝒦1) = 1, ℐℳ𝑑𝑟(𝒦2) = 1 which are basic in-
consistency measure. There it is SIV𝒦1

((𝐷)[0.7]) ≈ 0.33,
SIV𝒦1

((𝐴)[0.5]) ≈ 0.33, SIV𝒦1
((𝐴∣𝐷)[0.9]) ≈ 0.33. So

ℐℳ𝑠𝑣(𝒦1) ≈ max{0.33, 0.33, 0.33} ≈ 0.33, similarly
ℐℳ𝑠𝑣(𝒦2) = 0.33 .

Definition 18. (Unnormalized inconsistency measure). Func-
tion ℐℳ𝑢𝑚𝑖(𝒦) is called unnormalized inconsistency measure
whenever it is defined as follows: ℐℳ𝑢𝑚𝑖 : 𝕂 → ℝ≥0,
ℐℳ𝑢𝑚𝑖(𝒦) is the solution of the optimization problem:

min 𝑓(𝑥1, ..., 𝑥𝑛, 𝑦1, ..., 𝑦𝑛) =

𝑥1 + ...+ 𝑥𝑛 + 𝑦1 + ...+ 𝑦𝑛
(1)

subject to∑
Δ𝑗∈𝑆𝐸(𝐹𝑖𝐺𝑖)

𝒫𝒦 (Δ𝑗) = (𝜌𝑖 + 𝑥𝑖 − 𝑦𝑖) .
∑

Δ𝑗∈𝑆𝐸(𝐺𝑖)

𝒫𝒦 (Δ𝑗)

(2)
∀ 𝑗 = 1, ..., 2𝑛

0 ≤ 𝜌1 + 𝑥1 − 𝑦1 ≤ 1, ..., 0 ≤ 𝜌𝑛 + 𝑥𝑛 − 𝑦𝑛 ≤ 1 (3)
2𝑛∑
𝑗=1

𝒫𝒦(Δ𝑗) = 1 (4)

∀0 ≤ 𝑗 ≤ 2𝑛,𝒫𝒦(Δ𝑗) ≥ 0 (5)

Proposition 13. The function ℐℳ𝑢𝑚𝑖 fulfills CON, MON,
SUA, FCI, SCI, and PEN.

Example 13. Consider 𝒦1 and 𝒦2 from Example 2. We have
optimization problem with the following constraints:

min 𝑓(𝑥1, ..., 𝑥𝑛, 𝑦1, ..., 𝑦𝑛) =

𝑥1 + ...+ 𝑥𝑛 + 𝑦1 + ...+ 𝑦𝑛
(6)

subject to

0 ≤ 0.7 + 𝑥1 − 𝑦1 ≤ 1,0 ≤ 0.5 + 𝑥2 − 𝑦2 ≤ 1,
0 ≤ 0.9 + 𝑥3 − 𝑦3 ≤ 1

(7)

𝒫𝒦(𝐷𝐴) + 𝒫𝒦(𝐷𝐴) + 𝒫𝒦(�̄�𝐴) + 𝒫𝒦(�̄�𝐴) = 1 (8)

𝒫𝒦(𝐷𝐴) ≥ 0,𝒫𝒦(𝐷𝐴) ≥ 0,𝒫𝒦(�̄�𝐴) ≥ 0,𝒫𝒦(�̄�𝐴) ≥ 0 (9)

So ℐℳ𝑢𝑚𝑖(𝒦1) = 0.4 , similarly ℐℳ𝑢𝑚𝑖(𝒦2) = 0.45

V. CONCLUSION

In this paper, we have investigated the most common incon-
sistency measures for logical, probabilistic-logical framework
and adapted them to the probabilistic framework. In proportion
to each inconsistency measure, we provided the assessment of
desirable properties and then illustrated by several examples.
For future work we also plan to apply the work reported here
for buiding a set of belief merging operators. Then we will
go on investigating to apply these operators to merge a set
of (jointly) inconsistent probabilistic knowledge bases into a
consistent one.
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