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Abstract—Antennas without phase center (AWPC) have
been used for Direction-of-Arrival estimation. However, these
structures, being symmetric, always face the whole-space
ambiguity problem. This paper proposes a new asymmetric
AWPC structure for DOA estimation that is able to resolve
the ambiguity in the whole space. In addition, the structure
is optimized in such a way that it is compact and isotropic.
Simulated results indicate the effectiveness of the proposed
structure.
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I. INTRODUCTION

The fast development of high speed wireless communi-
cation systems has a strong connection with smart antenna
technology in which direction-of-arrival (DOA) estimation and
beamforming are two major techniques. A class of antennas
without phase center (AWPC) was introduced in [1] with four
dipoles A, B, C and D, as shown in Fig. 1(a).

AWPC has been used for multiple source DOA estima-
tion wherein there are less number of sensors than that of
sources. In [2], a linear-phase- pattern AWPC prototype, and,
in [3], another prototype of nonlinear-phase-pattern AWPC as
a sensor in a Uniform Circular Array (UCA) was used. These
works however face the problem of ambiguity, which is the
similarity of two or more steering vectors corresponding to
widely separated directions in the array manifold. Then, array
geometries of AWPC have been considered in [4] in which
some parameters of AWPC are optimized to increase accu-
racy and resolve ambiguity problem for arbitrary estimators.
However, it only helps resolve half-space ambiguity, that is,
no ambiguity occurs in the range [—m/2,7/2]. Whole-space
ambiguity remains; i.e., in the range [—, 7.

The above papers only focus on the AWPCs which have
symmetric dipole couples; that is, dy = dy and d3 = dy
as shown in Fig. 1(a). The problem of ambiguity poses the
following question: How to resolve the whole-space ambiguity
which is inherent in the symmetric AWPC? The problem leads
us to seek for a solution in which the sensors in the AWPC are
arranged asymmetrically. We revert to calculating the electric
field of such geometrical configuration for AWPC and observe
that the AWPC is ambiguity-free in the whole space, if at least
one of the two dipole couples is asymmetric. Based on these
observations, we optimize the asymmetric AWPC with the
constraint that the size of the antenna is as small as possible.
This leads us to investigate in this paper the problem of how
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to design a compact AWPC which is free of ambiguity in the
whole space.

In addition, we will take into account of two other desired
properties for the AWPC: negligible mutual coupling and
isotropic. Mutual coupling is a phenomenon that antenna
elements/sensors in the array interact with each other if they
are arranged nearly each other. Mutual coupling decreases the
accuracy of estimate DOAs, and hence it is desired to reduce
such an effect. It is well known in antenna theory that the
effect of mutual coupling can be reduced remarkably if the
distance between two arbitrary antenna sensors is larger than
A/2. Isotropic array describes the antenna geometries which
have uniform performance over the whole field of view [5].
Having an isotropic AWPC allows us to estimate the DOA of
sources arriving at the AWPC from any direction.

The paper is organized as follows. Section II presents
the asymmetric AWPC structure and the array factor (AF).
Section III introduces the proposed asymmetric AWPC which
has a compact size and negligible effect of mutual coupling.
Section IV analyzes the antenna geometries optimized for hav-
ing the best ambiguity-free level and isotropic characteristic.
Section V provides a numerical example to demonstrate the
effectiveness of the optimized asymmetric AWPC. Section VI
concludes the paper.

I1I. ASYMMETRIC AWPC STRUCTURE

The proposed asymmetric AWPC is illustrated in Fig. 1(b),
with four dipoles A, B, C and D. The structure is asymmetric
in the sense that d; # dg and d3 # d4. According to antenna
theory, the total electric field of the sensors in the antenna
array is expressed by

jk eIkl

47 RO

where 6 is the direction of propagation, k is wave number, Rg
is distance between antenna array and source, |Ip| is amplitude
of the current of each sensor, and 8(0) is the array factor.

In asymmetric AWPC case, §(0) is given by

E(0) = 10| 8(6), (1

5(0) — ejimefjk'rh sin 0 + ejwzejk'dg sin 6

+ ej’lb:s ejk'dg cos 6 + ej’lb4€7jkd4 cose’ 1))

where 1, = 0°, ¥ = 180°, ¥3 = 90°, and 94 = 270° are
phases of the currents of sensors A, C, B, and D, respectively.

Under the above conditions for locations of the sensors and
the feeding points, the amplitude pattern, G(#), and the phase
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(a) Symmetric: di = do, d3 = d4

R ds

(b) Asymmetric: di # da, d3 # d4

Fig. 1. AWPC structures.

pattern, ®(0), of the asymmetric AWPC are given by
G(0) = VR2{B(0)} + S2{B(0)}, 3)
®(0) = £8(0), 4)

where Z denotes the phase of a complex number, and

R{B(6)} = —2sin [g(dl e 0] i [g(dl _ d3) sin9]
— 2sin [g(ds + d4) cos 0] cos [g(d;’, —d4) cos 0] %)
I{B(6)} = —2sin [g(dl + dy) sin 9} cos [g(d1 — d») sin e]
— 2sin [g(da + ds) cos 0] sin [g(dg — da) cos 9] 6)
It can be observed that if di # do and/or ds # d4 then

G (9 + g) £ G(0) @
G(0 =) # G(0), ®)

Eq. (7) indicates that the asymmetric AWPC has no half-space
ambiguity (also denoted as m/2-ambiguity) and (8) shows

that it also has no whole-space ambiguity (also called -
ambiguity) [4].

III. NEwW COMPACT ASYMMETRIC AWPC WITH NO
7-AMBIGUITY AND NEGLIGIBLE MUTUAL COUPLING

It is desired to reduce the mutual coupling in the AWPC.
The larger the distances between the array sensors, the lower
the coupling. It is well known that mutual coupling will
decrease remarkably if the distance is larger than /2. Thus,
there is a design trade-off between reducing the size of
the AWPC and experiencing negligible mutual coupling. The
following geometrical configuration is then proposed:

(di,ds,ds,dg) = (\/4, M4,V3X/4,(V3/4+ Ad)N). (9)

In this configuration, sensors A, B and C are equally spaced
at a distance of A\/2, for negligible mutual coupling between
these sensors. The additional scaling factor (Ad) > 0 is
added to maintain the asymmetric characteristic of the AWPC.
Therefore, the AWPC is considered as a compact AWPC.

Fig. 2(a) plots the ambiguity checking function (ACF) of the
symmetric AWPC with Ad = 0 and Fig. 2(b) plots the ACF
of the asymmetric AWPC with Ad =1 — \/3/4 > 0. More
information on the ACF is deferred until Section IV-B. For
01 # 6, Fig. 2(a) shows that v(01,02) = 0 at (61, 6, = 61 %)
while Fig. 2(b), we observe that y(61,602) > 0. Therefore,
the proposed asymmetric AWPC structure in (9) has no =-
ambiguity and negligible mutual coupling.

IV. IsoTtrorPIC AWPC

This section further investigates on the optimal value of Ad
so that the proposed compact AWPC in (9) is isotropic.

A. Data Model

Assume that elevation angle is equal to 90°, consider
D uncorrelated, narrowband, zero-mean Gaussian sources,
impinging on the asymmetric AWPC: s1(¢), s2(¢), ..., sp(t).
The antenna is rotated in M steps in the clockwise direction.
At step m, for m = 0,..., M — 1, the received signal is
modeled as

T (t) = Z 5:()G(0; + mAg)eIPOHAMAN Ly (1), (10)

=1

where 6; is the incident angle of the i-th source, Af is the
antenna rotation angle, and n,,(t) is the spatially zero-mean
white Gaussian noise with variance of 02 and is statistically
independent of the sources. In matrix form, the data model
becomes

x(t) = A(0)s(t) + n(t), (11)

where s(t) = [s1(t), s2(t),...,sp(t)]T is the source vector,
n(t) = [n1(t),n2(t),...,na(t)]7 is the noise vector, x(t) =
[z1(t),22(t), ...,z (t)]T is the received vector, and A () is
the steering matrix defined by

A(9) = [a(6y),a(02),...,a(fp)], (12)
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Fig. 2. Ambiguity of symmetric and asymmetric AWPC; no ambiguity shown
in 2(b).

In (12), a(6;) is the steering vector associated with the i-th
source and is given by

G(6;)e?®%)
G(0; + A9)eI20:+20)

G6; + (M — 1)Ab)ej¢(9i+(M—1)Aa)

The spatial covariance matrix of the output vector is expressed
as

Ry = E{x(t)x(t)} = AR.AY 4 571, (14)

where E{-} denotes the statistical expectation, and R is the
source covariance matrix.
B. Ambiguity-Free Level

In [4], the ambiguity checking function is used for measur-
ing the similarity relationship between two arbitrary steering

0 0.5 1 1.5 2
Ad

Fig. 3. AFL versus Ad

vectors a(6;) and a(6) at directions 6; and 65, and is defined
as:

2™ (01)a(02)|”
[a(61)[1|a(62)[12"

v(01,02) £ 1~ (15)

If a(f;) and a(f) are co-linear then (61, 62) = 0 and if they
are orthogonal, meaning |a’? (6;)a(62)| = 0, then (01,62) =
1. The array geometry has no ambiguity if 0 < v(61,62) < 1.

In this paper, we further define another measure— the
Ambiguity-Free Level (AFL)-, in order to quantify the depth
of ambiguity error, such as m-ambiguity in Fig. 2(a), as given
by

n(Ad) & 5ni9n v(01,02;Ad) st ep < |01 — O2] < €, (16)
1,U2

where €; and €5 are two predefined thresholds (in rads) for the
optimization constraint. A higher value of 7(Ad) indicates a
lower ambiguity error. When n(Ad)) = 0, ambiguity occurs.

Fig. 3 plots n(Ad) constrained by |61 — 62| > w/2 of
the proposed asymmetric AWPC. We can observe that n(Ad)
reaches its maximum at Ad = 0.6, which means that this
scaling factor is the best in terms of reducing the ambiguity
in the proposed AWPC structure.

C. Isotropic array

In DOA estimation, the Cramer Rao Bound (CRB) function
of a single source is a well-known bound that expresses the
minimum achievable variance on estimating parameters of any
unbiased estimator [6]. The antenna array is isotropic if its
corresponding CRB is constant [7]. The CRB is defined as:

a7
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Fig. 4. Average-CRB versus Ad

where J is called the Fisher matrix. It has been shown in [4]
that

R oR
J=N,- Ry XR 12X
trace{ < 50 R, 20 }
2 SNR? . (18)
= v snR a2 2 80"

+ (1 + SNR [a?)(|a[?|af? — [a®dy[?)],

where a9 = 0a/00. For simplicity, CRB is computed with
Ng =1 only because the results for Ng > 1 can be obtained
by dividing the CRB values by Nj.

In general, one-dimensional linear arrays are non-isotropic
and thus the performance of DOA estimation using these
arrays often degrades considerably near the endfire [5]. The
proposed AWPC structure is, however, two-dimensional and it
is possible to obtain some Ad so that this asymmetric AWPC
is isotropic.

Next, we use numerical optimization to estimate this value
of Ad. We select the range (0,2] of Ad for performing the
optimization since we are interested only in AWPCs with
a compact size. This is done based on the following two
measures: averaged CRB (C) and margin CRB (e¢), defined
as

C(Ad) = %ZC(Q,Ad), (19)
0

ec(Ad) = maxC(0, Ad) — minC(6, Ad). (20)

Fig. 4 plots the averaged CRB of the proposed asymmetric
AWPC structure. It indicates that C decreases as Ad increases.
The larger Ad value is, the higher the estimation accuracy is.
This plot also shows that C decreases strongly in the range
(0, 1.4] and converge at very large Ad.

Fig. 5 plots the margin CRB of the proposed asymmetric
AWPC structure. It can be seen that e¢ stays constant in the
range Ad = (0,0.6] while it changes noticeably outside of
this range.

Margin-CRB

0 0.5 1 15 2
Ad

Fig. 5. Margin-CRB versus Ad

Based on above optimization it can be concluded that we
should select the optimal scaling factor Ady, = 0.6 for the
proposed asymmetric AWPC structure in order to have it
ambiguity-free, mutual-coupling negligible and compact.

V. NUMERICAL SIMULATIONS

In this section, we provide a numerical example of DOA
estimation that demonstrates the effectiveness of the proposed
optimized asymmetric AWPC. Six sources are presented at
azimuth (—60°, —40°, —20°, 20°, 40°, 60°) and with a
signal-to-noise ratio of 25 dB. DOA estimation is based on
the multiple-signal classification (MUSIC) algorithm (see [3]
for more details). The MUSIC estimator is applied to 1000
random data snapshots. We test the following two AWPC
structures:

1) Symmetric AWPC structure with
(d1,dy, ds,ds) = (\/4,2/4,V3)/4,V3\/4).
2) Asymmetric AWPC structure with
(d1,da,ds, ds) = (A4, M/4,V3)/4,(V/3/4 + 0.6))).

The results corresponding to symmetric and asymmetric
structures are respectively shown in Figs. 6(a) and 6(b).
The dashed lines present the original DOAs while the solid
lines present the estimated DOA spectrum. The symmetric
structure in Figs. 6(a) has steering vectors that are colinear at
(01,62 = 61 £ ), exhibiting the T-ambiguity error. Therefore,
apart from the six origin peaks at (—60°, —40°, —20°, 20°,
40°, 60°), there are also 6 “ghost” peaks at (—160°, —140°,
—120°, 120°, 140°, 160°).

The asymmetric structure in Figs. 6(b), with optimal scaling
factor Adyy = 0.6, has steering vectors that are orthogonal
at every (01,0s). Therefore, in whole-space, the MUSIC
spectrum consists of only six peaks which are matched with
the six original DOAs at (-60°, -40°, -20°, 20°, 40°, 60°).

We remind that all simulation examples in this paper use
M = 17 and Af = 27/M which are the optimal values
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Fig. 6. MUSIC spectra for DOA estimation. Adop, = 0.6 for 6(b).

found by [4] wherein a symmetric AWPC structure was used.
However, as tested but not shown in this paper, these values
can also be applied for the proposed asymmetric AWPC
structure.

VI. CONCLUSIONS

In this paper we have resolved the whole-space ambiguity
problem of symmetric AWPCs for DOA estimation. This
is done by modifying the usual symmetric structure to an
asymmetric one. In addition, we obtained the optimal scaling
factor Adyp = 0.6 when targetting the asymmetric AWPC to
be compact and isotropic.
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