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Abstract This paper investigated the nonlinear
vibration and dynamic response of the carbon nan-
otube polymer composite elliptical cylindrical shells
on elastic foundations in thermal environment. The
material properties of the nanocomposite elliptical
cylindrical shells are assumed to depend on temper-
ature and graded in the thickness direction according
to various linear functions. The shell is subjected to the
combination of the uniformly distributed transverse
load in harmonic form and the uniform temperature
rise. The motion and geometrical compatibility equa-
tions are derived based on the Reddy’s higher order
shear deformation shell theory. The natural frequen-
cies and the deflection amplitude—time curves of the
shell are determined by using the Galerkin method and
fourth-order Runge—Kutta method. The numerical
results show not only the positive influences of carbon
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nanotube volume fraction and elastic foundations but
also the negative influences of initial imperfection and
temperature increment on the nonlinear vibration and
dynamic response of the carbon nanotube polymer
composite elliptical cylindrical shells. The reliability
of the present results is verified by comparing with
other publications.

Keywords Nonlinear thermal vibration - The carbon
nanotube polymer composite elliptical cylindrical
shells - The Reddy’s higher order shear deformation
shell theory - Elastic foundations

1 Introduction

Nowadays, nanotechnology plays an important role in
numerous industrial, commercial and engineering
applications such as health, transportation, energy,
environment, and many others. Because of unique
features of mechanical strength, electrical and thermal
conductivity, carbon nanotubes are chosen to be
reinforcement in composite structures. Recently, car-
bon nanotube reinforced composites have been prop-
erly noticed. Arani et al. (2014) conducted the static
stress analysis of carbon nanotube reinforced com-
posite cylinder subjected to non-axisymmetric
thermo-mechanical loads and uniform electro-mag-
netic fields. Shen (2009) presented an research on the
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nonlinear thermal bending of functionally graded
single-walled carbon nanotube reinforced nanocom-
posite plates under a transverse uniform or sinusoidal
load with simply supported edges. Based on the first
order shear deformation theory, Lei et al. (2016)
studied stability of functionally graded composites
laminated plate reinforced by carbon nanotubes.
Mirzaei and Kiani (2016) dealt with thermal buckling
of functionally graded carbon nanotube reinforced
conical shell. Zarei et al. (2017) evaluated multiple
impact response of composite plates reinforced by
carbon nanotube with general boundary conditions in
case of temperature dependent properties. Kundalwal
and Meguid (2015) studied the effect of carbon
nanotube waviness on the active constrained layer
damping of the laminated hybrid composite shells;
Kundalwal and Ray (2016) also introduced the
investigation of active constrained layer damping of
smart laminated fuzzy fiber reinforced composite
plates. Shen and Xiang (2012) investigated the
nonlinear vibration of nanotube composite cylindrical
shells reinforced by single-walled carbon nanotubes
under a uniform temperature rise; Alibeigloo (2014)
carried out the free vibration analysis of composite
cylindrical panel with a polymeric matrix and carbon
nanotube fibers embedded in piezoelectric layers
based on theory of elasticity. A new approach—using
analytical solution to investigate nonlinear dynamic
response and vibration of imperfect functionally
graded carbon nanotube reinforced composite double
curved shallow shells was introduced in (Duc et al.
2017). Baloch et al. (2018) presented residual mechan-
ical properties of lightweight concrete and normal
strength concrete containing multi-walled carbon
nanotubes after exposure to high temperatures. Kumar
et al. (2017) concerned with the analysis of active
constrained layer damping of geometrically nonlinear
vibrations of doubly curved sandwich shells with
facings composed of fuzzy fiber reinforced composite.
Based on generalized differential quadrature method,
Keleshteri et al. (2017) investigated stability of smart
functionally graded carbon nanotube reinforced com-
posites annular sector plates with surface-bonded
piezoelectric layers. Further, Asadi and Wang (2017)
examined dynamic stability of a pressurized function-
ally graded carbon nanotube reinforced composites
cylindrical shell interacting with supersonic airflow.
In order to investigate the mechanical properties of
thick structures, the higher order shear deformation
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plate and shell theories must be used because the
Kirchoff hypothesis is not true in this case. Although
the calculations of the higher order shear deformation
plate and shell theories are much more complex than
ones of the classical or the first order shear deforma-
tion plate and shell theories, there are still many
publications on static and dynamic stability of struc-
tures using these theories. The dynamic instability
behavior of laminated hypar and conoid shells using a
higher order shear deformation theory were researched
in (Pradyumna and Bandyopadhyay 2011). Dastjerdi
et al. (2017) studied and solved the nonlinear local and
nonlocal analysis of an annular sector plate based on a
new modified higher-order shear deformation theory.
Phung-Van et al. (2015) presented a simple and
effective formulation based on isogeometric analysis
and higher order shear deformation theory to inves-
tigate static, free vibration and dynamic control of
piezoelectric composite plates integrated with sensors
and actuators. Xie et al. (2019) proposed a general
higher-order shear deformation zig-zag theory for
predicting the nonlinear aerothermoelastic character-
istics of composite laminated panels subjected to
supersonic airflow. Chen et al. (2018) considered
thermal vibration of beams made of FGM with general
boundary conditions using third order shear deforma-
tion beam theory. Mantari et al. (2012) focused on
bending and free vibration analysis of isotropic and
multilayered plates and shells. Further, Tu et al. (2010)
developed a nine-nodded rectangular element with
nine degrees of freedom at each node for the bending
and vibration analysis of laminated and sandwich
composite plates. Duc et al. (2015) investigated the
nonlinear vibration and dynamic analysis of imper-
fect thick functionally graded double curved shallow
shells with piezoelectric actuators on elastic founda-
tions subjected to the combination of electrical,
thermal, mechanical and damping loading. Jadhav
and Bajoria (2015) presented the buckling of func-
tionally graded plate integrated with piezoelectric
actuator and sensor at the top and bottom faces
subjected to the combination of electrical and mechan-
ical loading.

The elliptical cylindrical shell is one of the special
shapes of the cylindrical shell. Because these struc-
tures are used extensively in various fields such as
aerospace, marine, pipelines, missiles and automo-
biles engineering; they attracted great attention of the
scientist around the world. Free and forced vibration
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characteristics of submerged finite elliptic cylindrical
shell were conducted in (Zhang et al. 2017). Ganapathi
et al. (2004) considered the free flexural vibration
behavior of laminated angle-ply elliptical cylindrical
shells. Kazemi et al. (2012) focused on the stability
analysis of piezoelectric elliptical cylindrical shell
using finite element method based on the shear
deformation theory. Khalifa (2015) evaluated effects
of non-uniform Winkler foundation and non-homo-
geneity on the free vibration of an orthotropic
elliptical cylindrical shell. Li et al. (2014) investigated
the elastic critical load of submerged elliptical cylin-
drical shell based on the vibro-acoustics model. Up to
date, there are very few publications about elliptical
cylindrical shells using higher order shear deformation
theory. Duc et al. (2016) analyzed nonlinear thermal
stability of FGM elliptical cylindrical shells reinforced
by eccentrically stiffened. Ahmed (2016) considered
the effects of the crease parameters and the elastic
foundation on the buckling behavior of isotropic and
orthotropic elliptic cylindrical shells with cosine-
shaped meridian under radial loads. Recently, Xu
et al. (2017) introduced a recent computational study
to obtain the nonlinear buckling resistance of perfect
elastic circular cylindrical shells subjected to uniform
bending.

This paper introduces an analytical approach on the
nonlinear dynamic response and vibration of carbon
nanotube polymer composite elliptical cylindrical
shells on elastic foundations in the thermal environ-
ment using the Reddy’s higher order shear deforma-
tion shell theory. The material properties of the shell
are supposed to depend on temperature. The natural
frequencies and deflection—time relationship are
obtained by Galerkin method and fourth-order
Runge—Kutta method. The numerical results show
the effects of geometrical properties, temperature
increment, initial imperfection, elastic foundations,
volume fraction of carbon nanotube of the nonlinear
dynamic response and vibration of the carbon nan-
otube polymer composite elliptical cylindrical shells.

2 Problem formulation

Consider a carbon nanotube polymer composite
elliptical cylindrical shells as Fig. 1. The length, mean
radius and total thickness of the shell are L,R and A,
respectively. A coordinate system (x, 6, z) is defined

Fig. 1 Geometry and the coordinate system of the carbon
nanotube polymer composite elliptical cylindrical shells

in which 6 and x are in the circumferential and axial
directions of the shell, respectively, and z is perpen-
dicular to the surface and points outwards
(—h/2<z<h/2).

The carbon nanotube polymer composite elliptical
cylindrical shells are assumed to surround on elastic
foundations as Fig. 2. The interaction between the
elastic foundations and the shells is described by
Pasternalk model as (Duc et al. 2015, 2016)

Pw  w
e =kiw—k|—+—1, 1
q w 2(6x2 + 6y2> (1)
where w is the deflection of the carbon nanotube
polymer composite elliptical cylindrical shells; k; and
ko are stiffness of Winkler and Pasternak foundation,

respectively.

y=C/2

Fig. 2 Model of the carbon nanotube polymer composite
elliptical cylindrical shells on elastic foundations
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The principal radii of curvature in the circumfer-
ential direction R can be determined to the minor
radius b and the major radius a of elliptical cross-
section as (Duc et al. 2016; Xu et al. 2017)

R = (b*/Ro)(1 + pgcos20) /2, ()
with

Ry =\/(a>+1?)/2, pg=a*—b* /(@ +b"), (3)

3 The elastic moduli and the thermal expansion
coefficients of the carbon nanotube polymer
composite

3.1 Elastic moduli

It is assumed that the carbon nanotube polymer
composite material is made from Poly (methyl
methacrylate), referred to as PMMA, reinforced by
(10,10) single-walled carbon nanotubes. The effective
Young’s and shear modulus of the carbon nanotube
polymer composite material are determined as (Shen
2009; Mirzaei and Kiani 2016)

Ei = VenrES" + VEn,
My Venr | Vi

En EN E,’ (4)
ﬁ _ VCNT Vm

G GPT Gy’
where Vcoyr and V,, are the volume fractions of the
carbon nanotubes and the polymer matrix, respec-
tively; EENT, EQN ) GNT are the mechanical prop-
erties of the carbon nanotubes; E,, G,, are Young’s
and shear moduli of the polymer matrix and #, (i =
1,3) are the carbon nanotubes efficiency parameters.
The volume fractions of the carbon nanotubes and
the polymer matrix are assumed to grade in the
thickness direction according to linear functions.
Three types of carbon nanotubes reinforcement, i.e.
UD, V and X are considered with the volume fractions
of the three distribution types are expressed as follows
(Shen 2009; Mirzaei and Kiani 2016)

@ Springer

Vier (UD)

Venr(z) = VC}CT(l + 2%) V) , )
Wi D)

Vin(z) = 1 = Venr(2),

where

Venr = T 6)

went + (Pent/Pm) — (Penr/ Pm)Went”

in which wceyr is the mass fraction of carbon
nanotubes, and pcyy and p,, are the densities of
carbon nanotubes and polymer matrix, respectively.

The elastic moduli (except the Poisson’s ratio) of
the polymer matrix are dependent to temperature as
(Shen 2009; Shen and Xiang 2012)

E, = (3.52 — 0.0034T) GPa,
v = 0.34, (7)
oy = 45(1 + 0.0005AT) x 107 /K,

where T = 300 + AT, AT is the change of tempera-
ture in the environment.

The value of Young’s modulus, shear modulus and
thermal expansion coefficient of of (10,10) single-
walled carbon nanotubes are assumed to depend on
temperature and they are calculated at five values of
temperature by molecular dynamics simulations in
Table 1 (Mirzaei and Kiani 2016). The Poisson’s ratio
of single-walled carbon nanotubes is chosen to be
constant v = 0.175.

Table 2 shows the values of the carbon nanotubes
efficiency parameters ; (i = 1,3) at three values of
nanotube volume fractions (Shen 2009; Mirzaei and
Kiani 2016; Shen and Xiang 2012).

The effective Poisson’s ratio of the carbon nan-
otube polymer composite material depends on the
temperature and the thickness direction as (Shen 2009;
Shen and Xiang 2012)

Vi = VéNTVgVT + vam, (8)

where v{2'" and v,, are Poisson’s ratio of the carbon

nanotubes and the polymer matrix, respectively.
3.2 Thermal expansion coefficients

The thermal expansion coefficients of the carbon
nanotube polymer composite material in the
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Table 1 The material properties of (10, 10) single-walled carbon nanotubes at five values of temperature

T (K) ESQT (TPa) ECNT (TPa) GNT (TPa) oM (x1075/K) oV (x 1076 /K)
300 7.0800 5.6466 1.9445 3.4584 5.1682
400 6.9814 5.5679 1.9703 4.1496 5.0905
500 6.9348 5.5308 1.9643 4.5361 5.0189
700 6.8641 5.4744 1.9644 4.6677 4.8943
Table 2 The values of the carbon nanotubes -efficiency
parameters at three values of nanotube volume fractions where
Venr m N2 3 u 1 [ow\?
a2 \ax
0.12 0.137 1.022 0.715 & ,
0.17 0.141 1.626 1.138 Q= _w, 1 (a_w)
0.28 0.141 1.585 1.109 7 o R 2\
v Ou n ov N Ow Ow
dy Ox Ox Oy
%,
longitudinal and transverse directions are expressed by k! Ox . b+ ow
(Shen 2009) W Oy Te ) [T
VenrECNT4ONT L v E ki o A\ ¢y + Qw )
oy = O T e, ARG "oy
VentET " + ViEm dy ox
Oy = (1 + vfé\IT)VCNTOCgéVT + (1 + vm)VmO(m — Vi2d11, 6¢X 62w
(9) P ox  ox?
k; _ 0, w
with o, and oM aSNT are the thermal expansion ’ =—a By o :
coefficients of the? polymer matrix and the carbon Ky 2, 0, *w
nanotubes, respectively. oy T Zm
ow
k%7 d)x + a_
4 Nonlinear strain—displacement relations k) 31 bt ow |’
oy

The nonlinear relations between strain and displace-
ment of the carbon nanotube polymer composite
elliptical cylindrical shells are (Brush and Almroth
1975; Reddy 2004)

&x &) k. K
& | = 8?' +z k; +2 k; J
xy ng k;y kf@' ( 1 0)

me\ (M) | of Kk
. =1 o | Tz 2 )
Vyz Y vz vz

(1)

in which ¢; =4/3h*; ¢,, ¢, are the rotations of
normals to the midsurface with respect to the y and x
axes, respectively.

5 Hooke’s law

Hooke’s law for a carbon nanotube polymer composite
elliptical cylindrical shells with temperature-depen-
dent properties is defined as (Alibeigloo 2014)

@ Springer
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Oxx On QOn 0 0 0 &xx — 01 AT
Tyy Qn O0» 0 0 O &y — 0 AT
Oxy | = 0 0 Q66 0 0 Exy N
Oxz 0 0 0 (o 0 Exz
Oyz 0 0 0 0 Oss Eyz
(12)
where
Eq; Ey
On=7——"—,0n=7——"7"—,
1 —viovy 1 —vivy
v En 13
Qi =———, Ou = Gn3, Os5 = Gi3, (13)
I — vy
Oss = G2,
and we assume that G;3 = Gy and Gy3 = 1.2Gy,

(Shen and Xiang 2012).

6 Forces and moments

The force and moment resultants of the carbon
nanotube polymer composite elliptical cylindrical
shells are expressed by

h)2
(Ni,M;, P;) = / 0,’(1,Z,Z3)dz, i=x,y,Xy
—h/2
i (14)
(QiJRi): / G,‘Z(l,Zz)dZ, i:x7y.
—h)2

Substitution Egs. (10) and (11) into Egs. (12) then
results into Eqgs. (14) yields the constitutive relations
as

Ny [An Ao 0 By B 0 E;n Ep
Ny Ap An 0 B Bn 0 Ep Exn
Ny 0 0 Ag O 0 Bg 0 0
M, By B 0 Dy D 0 Fu Fi
My By, Bp 0 Dip Dp 0 Fp Fn
M, 0 0 Bg O O D O 0
P, p=|En En O Fyn Fp 0 Hy Hp
Py En E»n 0 Fp Fn 0 Hpy Hp
Py 0 0 Eg O 0 Fg 0 0
O 0 0 0 0 0 0 0 0
0O, 0 0 0 0 0 0 0 0
R, 0 0 0 0 0 0 0 0
Ry L O 0 0 0 0 0 0 0

@ Springer

in which

(Ay, By, Dy, Ey, Fyj, Hy)

/2
= / 0,1, z, 7, 2, 2, ) dz, ij = 11,12,22,66,
—h/2
h/2
(Aw, Du, Fu) = / 0y(1, 22, 2*)dz, kl = 44,55,
—h/2
e )2
D) = / Onon AT dz + / Q1200 AT dz,
—h/2 —h/2
/2 e
b, = / Q1011 AT dz + / 0o AT dz,
—n/2 —n/2
e /2
&3 = / Q11011AT zdz + / Q12002 ATz dz,
—n/2 —h/2
e /2
Py = / Q12001 AT zdz + / 0»nunATzdz,
—h/2 —h)2
e e
&5 = / QllallATZ3dZ + / Q12(}622ATZ3dZ7
) )
)2 )2
P = / Q12d11Z3Asz—|— / Q22a2223Asz,
—h/2 —n/2
(16)
From the constitutive relations (15), we have
- 80
00 0 0 0 s @
o0 o o ol[% @,
Ec 0O 0 0 0 “/.xly 0
00 0 0 O k}f ®3
00 0 0 0 ky @,
Fe O 0 0 0 ky, 0
00 0 0 0 |[{&p—{ s (15)
00 0 0 0]k Pg
H66 0 0 0 0 kzv 0
0 Ay 0 Dy O “/b; 0
0 0 Ass O Dss yﬁf 0
0 Dy O Fu O 2 0
0 0 Dss 0 Fss|| 5 0
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of 09,
2 1za =513 o

X 11 ayz
w0,
Hhagy ~als\ge T
w0
—cilig (W* ayY) +1,9) + 1,39,
f L Ff L 0,
32:121ﬁ lZa z+1236 +124 ay 17
*w  0¢, (17)
—61125 o P + o
w9
— cilyg <W+T;> + L, @) + Lg®,,
o’f 0¢,
7’2":*13'&@ *h (ay 6x>
w3, 09,
_61133<28x6y+ dy + 6x>7
with the detail of coefficients [;(i=1,2,j=

1,8), Iy (k = 1,3) are given in “Appendix A”.
The Airy’s stress function f(x, y, 7) is introduced as
Of v _Of or

Ny = (18)

N, =3, = A2 iVx
oY a2 Y T axdy”

7 The nonlinear motion equations
and the geometrical compatibility equation

7.1 The nonlinear motion equations

The nonlinear motion equations the carbon nanotube
polymer composite elliptical cylindrical shells are
(Brush and Almroth 1975; Reddy 2004)

ON, +any _ _u ¢, . Ow

=L—+41 — 3 — 19
Ty lorthar hame U9
, *?y o _ o
ON,,  ON, _F V+I; b, 7 o'w (19b)

x 9y loe o Pordy’

00, 0 OR, OR,
0 + Qy 3C|< +—)>

Ox a—y B ox Oy

o*p, _o°p, O°P 0?
+c1< +2 2y )+ + g+ N

Ox? oxdy ~ 0y? ae
+ 2N, 662; +N, 2; kiw  + ko Viw a;vzv
+ 2¢l, %—W +1 aft}jgx +1s 2:2(2
3
+h a?za 5 az;g —ail (% " %>
(19¢)
R L @% i 6;)

_ d%u %¢, . Ow

=hapt + 4 a2 Bagar
(19d)
oM, oM, oP,, 0P,
Yy _ R, —
x gy &Pk Cl(a .
YR U
or? or? 0120y
(19e)

with ¢ is an uniformly distributed pressure,¢ is the
viscous damping coefficient and the detail of coeffi-
cients I;(i = 1,5), IF(j = 1,5) may be found in “Ap-
pendix B”.

Substituting Eq. (18) into Egs. (19a) and (19b) gives
Pu_ LY, L Ow

=i T1 oo (202)

azv_ Eazd)y E63w
o I; o T ordy’

(20b)

Replacing Egs. (20a), (20b) into Egs. (19¢)—(19¢)
leads to

@ Springer
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00, 00, R, OR,
xty Naty
o’P o’p, O°P)\ 10
+C1<a2 +266y+ 6y2)+§@
2 2 2 2 2 2
+p _|_a_fa__ 26_fa_w+a_fa_w
0y? Ox? OxOy Ox0y ~ Ox? 0y2
*w ow =0,
2
—k1w+k2V WZI] 62 —|—2?I] ot +Isat26x
—0¢, = o'w = d*w
I I I
tsorey T Norae T arey
oM, M, oP, 0P,
Ox Oy _QX+3CIRX_C1(6)C 8y>
=0’¢p, = 0w
=L—— I,
or? 0r20x
oM, oM, oP,, P,
— R. —
ax Ty @R C‘(a Yy
—3%¢, = w
Sy S S
or? 0r2dy’
(21)
with
= - - DL\ = — =L
= (L-L2)E=([-L=2
3 <4 211)53 (4 21?)’
= A 5
5 = 15— 2?1 ,I; = I; I;: (22)
1

7.2 The geometrical compatibility equation

The geometrical compatibility equation for an imper-
fect carbon nanotube polymer composite elliptical
cylindrical shell is written as (Duc et al. 2015, 2016)

@282 6288 azygy ( 62w > 2 62w azw
0y Ox2  OxQy 0x0y O0x? 0y?
Pw *wt Pwdiwt  Pwdiwt 10w
oxdydxdy o 92 92 a2 R’
(23)

@ Springer

with function w*(x,y) denotes initial small imperfec-

tion of the shell.

Substitution of Egs. (11) into Egs. (15) and intro-
ducing the results into Egs. (21) yields

Liy(w) + Lia(¢,) + Liz(¢,) + Lia(f)
2
Sw,f)+qg=1 a@tz + 2¢l, aa
)

— o*w
-|-I5

= o'w

O,
A T
orox T 5 ooy T oron

Loy(w) + Loa () + Loz () + Laa(f) =
= O’w
- 5%7
L3 (w) + Lax () + Ls3 (¢,) + Laa(f)
— Faz¢v = 0w
3o ooy’

in which

Liy(w)=X1—
o*w
0x20y?

_|_k 62_W+62_W
2 62 ay2 9
0, 3P,
Ox ox3
Lis(¢,) =

o
ot

+ Xia +Xi5 = —

Lio(¢,) = X1 — =+ Xie

X
125 3y

o'f

Lis(f) = X110 +XIHW+X

+1I;

o6, o

0120y

L

2 )

7 62 d)x
or?
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Pro*w O Pw w10
Stwf) =SS W oW, oW, 29T
0y? Ox? OxOy 9y~ x2 dy?  Rox2
Lon(w) = X1 ¥ 4 x a3w+x Ow
! N TAREE T8 Ge2
Pp ¢,
L () = Xa1, + Xo4 =5 a2 + Xos e
a%;s
Ly (¢,) = Xoo 7= %
an of
L X Xog — 2
24(f) 27 + 28 oxdy >
ow 63W 63w
L3 (w) = Xa1 - 5 T Xnga T R g
az(/)
L X x
32(0,) = 330y
¢ ¢,
L33 (¢V) = X31¢y +X35W2y +X36W2)’
o’ of
Lau(f) :X37W6y+x38@_y3’
(25)

and the detail of coefficients X;;(i = 1,12), Xy;(j =
1,8), X31(k = 1,8) may be found in “Appendix C”.

For an imperfect the carbon nanotube polymer
composite elliptical cylindrical shell, Eqgs. (24) may
be transformed to the form as

Liy(w) + Lia(¢,) + Li3(¢,) + Lia(f) + S(w,f)
i o*w ow
+S W) +q=1L—=5 o2 + 2el; — 3
%9, =09, = d'w = d'w
+ 5 apan T amoy t I amoe T aay
Loy(w) + Los () + Lo () + Laa(f)
¢x T 63w

FL0) =5t B
L1 (w) + Lay () + Ls3 () + Laa(f)
62¢ :* 63W

+ L§1(W )= I§ o 5 or2dy’

(26)

in which

Ly (w") = X1 = 32 +X12 55 2 , ST (W, f)
_Tfow O T OO
~ 0y? ox? 0xOy Ox0y = Ox2 0y? ’

. . ow* ow*
Ly (w") :X21§7 Ly (w') = X3 3y

(27)

Introduction of Egs. (17) into Eq. (23) gives the
compatibility equation of the imperfect the carbon
nanotube polymer composite elliptical cylindrical
shell as

o' o o'f 3 3 B¢,
L 1 J J: L4 L4
naa thgatigaer T o T e T o
47 azr/) ol i ot W+ *w
Sayanr Ve hie oyt Is aray? x20y?

_ (6 w wd*w

_Ow w Pw* _ﬂazw*_@@zw*_l@
0xdy  0x2 0y?

OxOy Oxdy 0x2 dy?  0y? Ox2 R 2
=0

(28)

where the detail of coefficients J;(i = 1,6) are repre-
sented in “Appendix D”.

Equations (26) and (28) are nonlinear governing
equations in terms of four variables w, ¢,, ¢, and f and
they are used to study the nonlinear dynamic response
and vibration of the imperfect carbon nanotube
polymer composite elliptical cylindrical shells.
Specifically, the natural frequency and the deflec-
tion—time curves could be determined from this
equations system.

8 Boundary conditions and approximate solutions
8.1 Boundary conditions

In the present study, the edges of the carbon nanotube
polymer composite elliptical cylindrical shells are
assumed to be simply supported and immovable. The
boundary conditions in this case are

M,=0, N,=Ngatx=0andx=1L
(29)

W=Uu-=

where N,y is pre-buckling compressive force effect on
edges x =0, L.
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8.2 Approximate solutions

Based on the boundary condition (29), the approxi-
mate solutions are assumed to be the forms as (Duc
et al. 2015)

w(x,y,t) = W(t) sin Z,x sin d,,y,
O, (x,9,1) = Dy(t) cOS Ayx sin by, (30)
¢y (x,y,1) = @(t) sin 4,,x c0s J,.,

in which 4, = mn/L, 0, = n/R; m,n are odd natural
numbers and W, &,, @, are amplitude of the deflec-
tion and rotation angle, respectively.

In this study, we assume that the initial imperfec-
tion w* has the same form with the shell deflection, i.e.

w*(x,y,t) = Wy sin A,,x sin d,,y, (31)

where W, is amplitude of the imperfect function.
Composing Egs. (30) and (31) into Eq. (28) then

solving obtained equation for unknown variable f leads

to

f(x,y,t) = Py(t) cos 22,,x + P> (t) cos 20,y

. 1
+ P5(t) sin A,,x sin 6,y + ENx0y27 (32)

with
52
P =—"_W(W +2uh),
V= oz W2
12
pi (33)
Py =—"" _W(W + 2uh),
27 31,0 ( wh)
Py =O\W+ 09, + 039y,
and
0 NP N AP B LY.
1= )
L+ 12282 + 1,68
— (23 + J32 &>
Q2: 4(2mA232mn)47 (34)
IZlim +J1/Lm6n +1116n
0, — (482 4+ J5225,)

AV LR o

m-n

9 Vibration analysis

Substituting Eqgs. (30)—(32) into Egs. (26) and using
the Galerkin method to the resulting equations gives
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rIIW + r12(px + r13(py + r14(W + ,Uh)(px
+ r15(W + ph)®y + [y — N2 ] (W + ph)
+ mW(W + uh) + nsW(W + 2uh)

+ maW(W + uh)(W + 2uh)
+ I 62W+21 w_, 1262@)‘
nsqg = ly—— ey — — Auds ——
39 =1073p Lo > o
=0,
—5n15—at2 ,
W + rn®, + ria®@y + ng(W + uh)
=0, =0'W
W(W +2uh) =L ——— A,l ,
r31W+r32<1§,(+r33@y—|—ng(W—|—,uh)
:*aquy :*azw
—|—n9W(W—|-2,uh):I3 atz —5;1 5?7

(35)

in which the coefficients r1;(i = 1,3), i (j = 2,3,k =
1,2),n,(m = 1,9) are given in “Appendix E”.

9.1 Temperature field

The condition showing the immovability of the edges
of the carbon nanotube polymer composite elliptical
cylindrical shells is satisfied in an average sense as

(Duc et al. 2015)
2R L

Ou
/ /adxdy =0. (36)
0 0

Form Egs. (11) and (17) we have

Ou
P Infoy = Iofox = Lz + 114y
+cilys <¢x,x + W.xx)
- clll6(¢y,y + W,yy) +1,;P,
1 [ow\> owow*
“wq’z‘z(a) Tk ox
Replacing Egs. (30)—(32) into Eq. (37) and substi-
tuting the results into Eq. (36) gives
22 I I
Ny = - W(W +2W,) — Lo, — B¢ . 38
08111(+0)11111112 (38)

9.2 Nonlinear deflection amplitude—time curves

Assume that the carbon nanotube polymer composite
elliptical cylindrical shells subjected to uniformly
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distributed transverse load g = Qsin Q¢ (Q is the
amplitude of uniformly excited load, 2 is the
frequency of the load). Introduction of Egs. (38) into
Eq. (35) gives
W + rip®@c 4+ riz®@y + rig(W + W) &

+ris(W+ W),

nj (W + Wo) + naW(W + W)
+ m3W(W +2Wy) + nyW(W + Wo) (W + 2Wp)
+ n5Q sin Qt

o*w ow =0, =00
=Iy— +2¢l — ol ——~ — S, IF —=2,
05z T T e T o
W + rn®, + ria®@y + ng(W + Wy)
=0’d, ='W
+n7W(W—|—2Wo) =L— ¥ — Dnds — o
r31W+r32¢x+r33<1§yJrng(WJrWo)
=0'®, =0'W
+I’Z9W(W+2W())—I§‘ o2 51;62,
(39)
where
I i
* 22 18
= ?, @ —Lm
ny =np+ 4, (I” + 2) =ny T
(40)

Equation (39) is the nonlinear governing equation
which is used to study the nonlinear vibration for the
imperfect carbon nanotube polymer composite ellip-
tical cylindrical shells with immovable edges. The
fourth-order Runge—Kutta method is applied to solve
Eq. (39). The initial conditions are given as

w(0) =0, Y (0) =0, @,(0) =0,
do, & do, (41)
D0 =0, 2,0) =0, 2 (0) =0,

Table 3 Comparison of dimensionless frequencies @ =
Q(h/m)\/2(1 4+ v)p/E for an isotropic cylindrical shell
(m,n) (1,0 (1,2) (1.3) 1.4

Lam and Loy (1995) 0.03748 0.03671 0.03635 0.03720
Xuebin (2008) 0.03739  0.03666 0.03634 0.03723
Shen (2012) 0.03712  0.03648 0.03620 0.03700
Present 0.03717 0.03654 0.03627 0.03709

9.3 Natural frequencies

In the absence of external forces and viscous damping,
the natural frequencies of the perfect shell can be
determined by solving the following equation

h +n +Ipe? I — imiaﬂ li3 — (5,1sz
Ly +ne — A, 0% by + o7 L3
31 +ng — 5}1sz [3 33 + sz
=0.
@2)

Three values of natural frequencies are obtained
from Eq. (42) and the lowest value of them is
considered.

10 Numerical results and discussion
10.1 Comparison studies

To verify the accuracy of the present method, the
dimensionless frequencies of isotropic cylindrical
shell are calculated and compared in Table 3 with
the results presented by Lam and Loy (1995) based on
Love’s first approximation theory, Xuebin (2008)
using the Flugge classical thin shell theory and Shen
(2012) based on the higher order shear deformation
shell theory with the material properties and the
geometrical parameters are chosen as FE =
210GPa, v = 0.3, p = 7850kg/m’>,

R/L =2, h/R = 0.06. The results from the Table 3
show that a good agreement is obtained in this
comparison.

Next, Table 4 shows the comparison of fundamen-
tal frequencies of the carbon nanotube polymer
composite elliptical cylindrical shells using the higher
order shear deformation theory in this paper with the
results of Shen and Xiang (2012) in cases of two
values of ratio Z = L?/Rh. The geometric parameters
of the shell are chosen as R/h =10, (m,n) =
(I,1), h=5mm. Again, the results from this
approach are so close with the existing results.

10.2 Natural frequency

The effects of temperature increment AT, geometrical
parameter L/R and modes (m,n) on the natural
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Table 4 Comparison of fundamental frequencies Q = Q(R?/h)\/p,/Eo for the carbon nanotube polymer composite elliptical
cylindrical shells (T = 300K, R/h = 10, (m,n) = (1,1), h = 5mm)

v Type of reinforcement of carbon nanotube Z =100 Z =500
Present Shen and Xiang (2012) Present Shen and Xiang (2012)
0.12 UD 5.1051 5.0998 2.3672 2.3671
Vv 5.0795 5.0951 2.3950 2.3979
X 5.2331 5.2333 2.3876 2.3886
0.17 UD 6.5515 6.5462 3.0467 3.0456
Vv 6.5489 6.5686 3.0924 3.0960
X 6.7269 6.7292 3.0838 3.0848
0.28 UD 6.9906 6.9803 3.2223 3.2221
1% 7.0626 7.0597 3.3193 3.3132
X 7.3320 7.3295 3.3318 3.3242
Table 5 Effects of L/R (m, n)
temperature increment, L/R
ratio and mode (m,n) on (1,1 (1,2) (1,3) (1,4) (1,5) (1,6)
natural frequencies (s of
the carbon nanotube 0 1 6306.05 661557 726529  8147.67  9181.61 10,317.23
polymer composite 1.5 5182.54 5568.31 6355.99 7363.66 8500.66 9719.32
elliptical cylindrical shells 2 469316 515124 601296  7077.05  8256.64 9507.87
200 6068.89 6432.63 7118.00 8023.22 9072.03 10,216.85
1.5 5023.19 5466.99 6280.82 7302.11 8446.38 9668.09
2 4579.33 5088.19 5967.98 7040.27 8223.33 9474.83

Table 6 Effects of carbon nanotube volume fraction, ratio b/h, type of carbon nanotube reinforcemnt and elastic foundations on
natural frequencies (s™") of the carbon nanotube polymer composite elliptical cylindrical shells

b/h ki, ky Viyy =0.12 Vi =0.17
UD \% X UD \ X

10 (0,0) 3240.3 3188.8 3337.7 41532 4111.8 4283.1
15 (0,0) 2084.2 2070.7 2122.0 2681.7 2678.7 2736.6
20 (0,0) 1541.2 1537.6 1560.5 1986.4 1991.7 2017.3
10 (0.3,0.02) 7140.9 7117.5 7185.7 7570.8 7548.0 7642.9
15 (0.3,0.02) 5423.0 5417.7 5437.6 5656.3 5654.8 5682.5
20 (0.3,0.02) 4694.4 4693.2 4700.7 4837.5 4839.7 4850.3

frequency of the carbon nanotube polymer composite
elliptical cylindrical shells are considered in Table 5.
It is clear that the value of the natural frequency of the
shell increases when the values temperature increment
AT, ratio L/R and modes (m,n) increase. Moreover,
the lowest natural frequency corresponds to the modes
of vibration of shells (m,n) = (1, 1). Note that, this
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mode will be used as a representative mode to
investigate the natural frequencies and nonlinear
dynamic responses of the carbon nanotube polymer
composite elliptical cylindrical shells.

Table 6 shows influences of volume fraction of
carbon nanotube V{,,, geometrical parameter b/h,
type of carbon nanotube reinforcement and elastic
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Fig. 3 Influences of carbon
nanotube volume fraction on

the nonlinear deflection
amplitude—time curves of
the carbon nanotube
polymer composite elliptical
cylindrical shells

AT=240K, a/b=1.5, b/h=20, (k =k )=(0,0), L/R=2, (m.n)=(1,1) W =0.
1 1 1 1 1 1 1

0 0.005

Fig. 4 Influences of the
Winkler foundation on the

0.015 0.02  0.025 0.03 0.035 0.04
t(s)

nonlinear deflection
amplitude—time curves of
the carbon nanotube
polymer composite elliptical
cylindrical shells

-1.5

AT200K, a/b=1.5, b/h=20, k =0.0, L/R=2,(m.n)=(1,1), W =0.

0 0.005

foundations on the natural frequencies (s~!) of the
carbon nanotube polymer composite elliptical cylin-
drical shells. Clearly, the natural frequency of the
nanocomposite elliptical cylindrical shell increases
when the carbon nanotube volume fraction and the
modulus k; (GPa/m), k, (GPam) of elastic founda-
tions increase and the ratio b/h decreases. Moreover,
the carbon nanotube polymer composite elliptical

0.015 0.02 0.025 0.03 0.035 0.04
t(s)

cylindrical shells with type carbon nanotube rein-
forcement X has the highest value of the natural
frequency and the carbon nanotube polymer compos-
ite elliptical cylindrical shells with type carbon
nanotube reinforcement V has the lowest value of
the natural frequency of all.
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Fig. 5 Influences of the x10™

Pasternak foundation on the T
nonlinear deflection
amplitude—time curves of
the carbon nanotube
polymer composite elliptical
cylindrical shells

— k2=0 ——— k2=0.02GPa.m -------- k2=0.04GPa.m

=0.1, g=10sin700t kPa

Fig. 6 Influences of x1 0-3

temperature change AT on
the nonlinear deflection
amplitude—time curves of
the carbon nanotube
polymer composite elliptical
cylindrical shells

-6 AT=200K, a/b=1.5, b/h=20, k =0.3GPa/m, L/R=2,(m,n)=(1,1), W =0. 7
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
t(s)
8 T
— AT=0 ====AT=200K *****- AT=400K

a/b=1.5, b/h=20, (k k,)=(0.0), L/R=2, (mn)=(1,1), W =0.

0 0.005

10.3 Nonlinear deflection amplitude—time curves

Figure 3 describes the effect of carbon nanotube
volume fraction V(,; on the nonlinear deflection
amplitude—time curves of the carbon nanotube poly-
mer composite elliptical cylindrical shells with
b/h =20, a/b=1.5, L/R =2. We can see that the
deflection amplitude of the carbon nanotube polymer
composite elliptical cylindrical shells decreases when

@ Springer

0.01 0.015 0.02 0.025 0.03 0.035

t(s)

the factor V., increases. In other words, the carbon
nanotube enhances the stiffness of the carbon nan-
otube polymer composite elliptical cylindrical shells.

Figures 4 and 5 show the effects of elastic founda-
tions with two coefficients k; and k, on the nonlinear
deflection amplitude—time curves of the carbon nan-
otube polymer composite elliptical cylindrical shells.
From the figures, it is clear that the deflection
amplitude of the nanocomposite elliptical cylindrical
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Fig. 7 Influences of X10—3
imperfection amplitude W, 7 . .
on the nonlinear deflection —W0=O ———W =5e7 i W =le?
amplitude—time curves of 6L - 0 0
the carbon nanotube :":g=()'1 , =10sin700t kPa. : = o
polymer composite elliptical it = = R i . - i s
cylindrical shells Sr : F - e ": s it . s A o N : ' ]
apii o Pofioiiofioiiofnorioriopioiionoiig
a7 - . Iz " R e L .- 1. o0
:,'l':fii:El!‘E:.:,'?‘:':::f'-'"‘:::5"\-'5:::
= R T RTINS I == VI
€3:E:€::\E5:3'5:5":"'-'\:'-512!:::l||:':'|::
S~ ORER L B E N L Y L A,
B o v irdifioipac LU S H I BN T F S W &
ERR LTI A EHERAYRE 1t TR EHEE
[T B R L B TN - B S T i
17 Al EY AR ';‘|'-_:||'-L "
1 LN VIR ! 1k G B \E
E] L) AT . I 20 1 0
0 o I 23 oy
I 3
-1t 4
AT=200K, N=1, a/b=1.5, b/h=20, (kl,k2)=(0,0), L/R=2, (m,n)=(1,1).
1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
t(s)
Fig. 8 Influences of factor X 10-3
L/R on the nonlinear 5 . .
deflection amplitude—time L/R=1.5 ====L/R=2 ' L/R:3[
curves of the carbon €=0.1, g=10sin700t -
nanotube polymer
composite elliptical
cylindrical shells
~
g
Nt
=

AT=200K,

0.005

shell decreases significantly when the shell is rested on
the elastic foundations. Furthermore, the beneficial
effect of the Pasternak foundation with the shear layer
stiffness k, on the nonlinear deflection amplitude—time
curves of the carbon nanotube polymer composite
elliptical cylindrical shells is stronger than the Winkler
one with the modulus k.

a/b=15, b/hI:"z’o, (k, k)=(0,0), (m.n)=(1,1), W =0.
0.01  0.015 0.02  0.025 0.03  0.035
t(s)

Figure 6 illustrates the effect of temperature change
AT on the nonlinear deflection amplitude—time curves
of the carbon nanotube polymer composite elliptical
cylindrical shells. Three values of AT : 0, 200K and
400 K are considered. Obviously, an increase of the
temperature increment AT leads to an increase of the
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Fig. 9 Influences of factor x1 0-3

a/b on the nonlinear
deflection amplitude—time
curves of the carbon
nanotube polymer
composite elliptical
cylindrical shells

AT=200K, b/h=20, (k k) (0, O) L/R=2, (mn) (1, 1) W =0,

LN -

0 0. 005

Fig. 10 Influences of factor X 10-3

0.01 0.015 0.02

0. 025 0. 03 0.035

t(s)

b/h on the nonlinear 1.5 T
deflection amplitude—time
curves of the carbon
nanotube polymer
composite elliptical
cylindrical shells

W(m)

() 0.005

deflection amplitude of the carbon nanotube polymer
composite elliptical cylindrical shells.

Figure 7 indicates the nonlinear deflection ampli-
tude-time curves of the carbon nanotube polymer
composite elliptical cylindrical shells with various
values of the imperfection amplitude W,. As can be
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0.015 0.02 0.025 0.03 0 03 0.04
t(s)

observed, the imperfection amplitude has a strong
effect on the nonlinear deflection amplitude—time
curves of the carbon nanotube polymer composite
elliptical cylindrical shells; the amplitude of the shell
increases when the initial imperfection amplitude
increases.
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Fig. 11 Influences of 3
o . x10
excitation force amplitude T T
Q, on the nonlinear — QOZIOkPa - Q():lsza """" QOZISkPa
deflection amplitude—time 2 . 0
curves of the carbon e=0.1, qu()Sm700t' % _:"._
nanotube polymer L5F 'll\f- T
composite elliptical | At Al - ; i
cylindrical shells 1 e \
0.5
B
= 0
=
-0.5
-1 -
- : -
1.5} N B N -
2k |
AT=200K, a/b=1.5, b/h=20, (kl,kiz):(0,0), L/R=2, (m,n)=(1,1), WOZO.
25 I I I I I I
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
t(s)

Figures 8, 9 and 10 give the influences of the
geometrical factors L/R, a/b and b/h on the nonlin-
ear deflection amplitude—time curves of the carbon
nanotube polymer composite elliptical cylindrical
shells, respectively. It can be seen that the fluctuation
amplitude of the carbon nanotube polymer composite
elliptical cylindrical shells increases when increasing
the ratio L/R, a/b and b/h.

The effect of excitation force amplitude Qy on the
nonlinear deflection amplitude—time curves of the
carbon nanotube polymer composite elliptical cylin-
drical shells is shown in Fig. 11. As can be seen, the
higher excitation force amplitude is, the higher
vibration amplitude of the carbon nanotube polymer
composite elliptical cylindrical shells is.

11 Concluding remarks

The nonlinear dynamic response and vibration of the
carbon nanotube polymer composite elliptical cylin-
drical shells on elastic foundations subjected to the
combination of the mechanical and thermal loads are
presented in this paper. The material properties of the
shells are supposed to depend on temperature and the
shell thickness direction. The basic equations are
derived based on the Reddy’s higher order shear
deformation shell theory. The Galerkin method and
fourth-order Runge—Kutta method are used to

determine the natural frequencies and nonlinear
deflection amplitude—time curves of the shells. The
accuracy of present approach is also verified by
comparing with the ones of other authors. From the
obtained results in the study, there are some
conclusions:

e The initial imperfection and temperature incre-
ment significant negative effect on the nonlinear
vibration and dynamic response of the carbon
nanotube polymer composite elliptical cylindrical
shells. The deflection amplitude increases and the
natural frequency decreases according to the
increase of the initial imperfection amplitude and
temperature increment.

The elastic foundations dramatically enhance the
natural frequencies and reduce the deflection
amplitude of the carbon nanotube polymer com-
posite elliptical cylindrical shells. Moreover, the
influence of linear Winkler foundation is weaker
than one of Pasternak foundation.

The carbon nanotubes could be used to strengthen
the mechanical properties of the carbon nanotube
polymer composite elliptical cylindrical shells
because they increase the natural frequencies and
decrease the fluctuation amplitude of the shells.
The geometrical parameters ratios have strongly
effects on the nonlinear vibration and dynamic
response of the carbon nanotube polymer compos-
ite elliptical cylindrical shells.
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X5 =—c2(Epalis+Enls+Ha),
Xis=c1(Enlz—c1Enlis+Fi
—c1Hy +Enly —ciEnbs),

X17=c1(2Es6I32 —2¢1Ee6133 +2F 66 — 2c1Hes
tcaEnliz—aEnhs+Fun—cHn
+Enly—ciEnbs),

Xig=ci(Einlis—c1Ennls+Exnhy —c1Exnlhs+Fn—ciHy),

Xi9=c1(2E¢sI3 —2c1Eesl33+2Fe6 — 2¢1 Hos + E11114
—ciEnlig+Enhs—ciEnhs+Fia—ciHp),

Xio=—c1(Enilin—Enly),

Xi11=—c1(2Essl31 — Evi111 +2E12112 — Enplay),
Xiz=ci1(Enli —Exha),

Xo1 = —Ags+6¢1Dgg —9c3F 4y,
Xop=—c1(Buiihs+Fi1+Biahs —ciEnlis —ciHiy — c1Enbs),

Xo3=—c1(Bilis+Biahs+F12+2Bssl33 +2Fe6
—2¢1Ee6l33 —2c1Heo —c1E11 116 —c1E12l6 — c1H12),

Xoa=Buliz—ci1Biilis+Di —c1Fii+Bials —c1Biabys
—caEnls +C%E11115 —c1Fp +C%H11
— c1Enly +c1Ebs, Xos =Besl32 — ¢1Beslz3 + Deg
—c1Fes—c1Eesl30+ 3 Egsl33 — ¢1 Fo6 + ¢ Hes,

Xo6 =Biilia—ci1Biilig+Bi2loa — c1Bialag+Dia—c1F 12
+Besl32 — 1 Bssl33 4 Des — 1 Fo6 — c1 Ess 132
+c%E(,6133 —c1Fes +C%H66_CIE11114+C%EI11I6
_C1E12124+C%E12126_C]F12+C%H]2v

Xo7==Buln+Bubi+caEnli—ciEnb,

Xos =B11l11 —Bialia — Besl31 —c1Enli +c1Elin
+c1Eesl31, X31 = —Ass +6¢1Dss —9ciFss,

X3 =—c1(2Besl33 +2F 6 +Bial15+Fia+Baylos
—2¢1Eesl33 —2c1Hos — 1 Enalis —c1Hip —c1Enbs),

X33 =—c1(Biali6+ Bl +Fy —c1Epnlig— c1Enls —c1Hn),

X34 =Beel3 — c1Bes 33+ De6 — 1 Fo6 +Bi2l13
—c1Bialis+ Dy —c1Fia+Banls — c1Bynls —c1Eessl3n
+ A Egelys — 1 Fos+ 2 Hes — c1 Enali3 +c1E])s
—ciF2 +C%H12 —ci1Enlhs+ 0%5221257

X35 =Beol32 — c1Bes133 +Des — ¢1F o6 — 1 Eo6132
+¢3Egsl33 — 1 Fos + 1 Hes,



Nonlinear thermal vibration of carbon nanotube polymer composite elliptical cylindrical...

X36 = Bial14 — ¢1B12li6 + Bozlpa — c1Baplhe + Do

—c1Fyp —ciEpnls + C%E12116 —c1Enly
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8X38/m

— X3703720 = X30 ==
37034,,0,, ng 3100, N9 3LRx,,
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