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Abstract—Routing and spectrum assignment (RSA) is an
essential problem in designing, operating and managing elastic
optical networks to achieve spectrum efficiency and thus, efficient
algorithms for solving the RSA has been of crucial importance.
The conventional Mixed Integer Linear Programming (MILP)
formulation has a critical drawback of scalability and hence has
been applicable to only small data instances while heuristic-based
approach is prone to locally optimal solutions without guarantees
for global optimality. In order to mitigate the scalability issue of
the traditional MILP models and possibly low-quality solutions
from heuristic, we investigate an approach based on the column
generation (CG) method for solving the RSA problem by present-
ing an efficient CG-based formulation and numerically evaluate
it on various realistic network topologies with full mesh traffic.
The performance of our CG-based approach is benchmarked
with the typical heuristic, First-Fit algorithm, and it has been
revealed that our CG proposal can provide better solutions in
most cases and the solution gap could be up to more than 20%.

Index Terms—elastic optical networks, integer linear pro-
gramming, routing and spectrum allocation, column generation,
heuristic algorithms

I. INTRODUCTION

The coming into popularities of increasing data-intensive
services such as cloud computing, big data applications and
the advent of Augmented Reality/Virtual Reality gives rise to
the unprecedented traffic growth in optical core networks. Due
to the limited spectrum bandwidth, various technological and
algorithmic solutions have been developed to achieve greater
spectrum efficiency [1]-[8]. Nevertheless the traditional tech-
nologies for core networks based on the fixed transmission
scheme (i.e., fixed grid wavelength division multiplexing) has
been shown to be spectrally ineffective and hence, may cause
the so-called capacity crunch [9]-[12]. In this context, the
arrival of elastic optical networks (EONs) enabled by the use
of advanced transmission and modulation formats, spectrum-
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selective switching technologies and flexible frequency spac-
ing paves the new way for provisioning traffic requests in a
cost and energy-efficient manner, marking a major departure
from the conventional approach based on fixed-grid WDM
technologies [13]-[19].

A fundamental problem in designing, operating and manag-
ing EONs is the solving of routing and spectrum assignment
(RSA) for traffic demands. Specifically, for each demand,
it involves the finding of suitable physical path between
the source and destination, and provide the adequate spec-
trum allocation subjected to contiguity, continuity and non-
overlapping constraints. RSA problem has been proved to be
NP-hard and thus, seeking the globally optimal solution for
large-scale scenarios in terms of network size, traffic sets and
frequency width is indeed computationally challenging due to
the proliferation of variables and constraints. In the literature,
there are two approaches for solving RSA problem where
the first one is exact method, often based on mixed-integer
programming and the second one is approximation algorithm
based on heuristic/meta-heuristics. The former approach has
the capability of providing optimal solutions or solutions with
known quality while the solution delivered by heuristic-based
approach could be rapidly obtained and yet with unknown
quality [10], [20], [21].

To cope with a huge number of generated variables and
constraints for large instances, decomposition techniques have
been widely used and among such techniques, column genera-
tion (CQG) is an efficient method allowing significant reduction
of number of variables in the formulation. Specifically, the
problem formulated with CG is initiated with a small set of
admissible columns and then it can be dynamically added new
columns and/or constraints according to the solving of the
so-called pricing problem so that leading to the improvement



of objective function [22], [23]. Nevertheless, the use of CG
for modeling and solving the RSA problem has remained
inadequately been investigated [24], [25] and this paper is
a contribution to fill this gap. In Section II, we therefore
present an efficient CG-based formulation for the RSA prob-
lem aiming at finding good sets of light-paths, avoiding the
pre-computing and managing a large set of variables while
maintaining the high quality of solutions. Our proposal is
then benchmarked extensively with the most popular heuristic,
First-Fit algorithm, on various realistic networks and full
mesh traffic in Section III. Finally, Section IV is dedicated
to conclusion and future works.

II. PROBLEM FORMULATION

We consider the network which is represented by graph
G = (V,E): V is the set of optical nodes and E is the
set of fiber links. In each link e € FE, the same band-width
(i.e., optical frequency spectrum) is available and it is divided
into the set S = {s1,52,..., 55} of fixed frequency width.
D denotes the set of node-to-node (traffic) demands which
must be realized in the network. Each demand d € D is
represented by its source node s(d) and destination node t(d)
and is characterized by a demand bit-rate k(d) in Gbps.

We will use the following notations to formulate the prob-

lem:
V is the nodes set.

L]

e FE is the links set

e D is the traffic demands set

e S is the set of all frequency slices, S = {s1, s2, ..., 8\s|}.

e L(d) is the set of feasible light-paths for demand d.

e L is the set of all feasible light-paths for all demand (i.e., L =
Uaep L(d)).

o L(e, s) represents the set of light-paths passing through link e and using
slice s.

o E(1) is the set of links of light-path {.
e S(1) is the set of slices of light-path [.
o d(l) represents demand satisfied by light-path I.

Now, we define two family of binary variables:

1

Zdi = { 0
1

0

The formulation is based on the notation of link light-path
in which a light-path (also called optical path) is represented
by a pair (p,c), where p is a routing path and ¢ is a
frequency channel. The routing consists of links connecting
the source node to the destination node while the frequency
channel is a set of contiguous spectrum slices assigned to the
light-path—the spectrum contiguity constraint. For instance, a
frequency channel c of capacity n must be in the form ¢ =
{8y 8it1y ey Sitn—1} for some ¢ between 1 and |S| — (n—1).
Note that, the frequency channel ¢ must be the same on links
belonging to the routing path and such property is called
the spectrum continuity constraint. We assume that for each
demand d € D, the set of feasible light-paths L(d) is given.
Finally, we denote by L the set of all feasible light-paths, say
L =UgepL(d).

if demand d uses light-path [,
otherwise.

if slice s is used in any link of the network
otherwise.

In this work, the objective of solving the RSA problem is to
optimally identify one light-path for each demand subject to
constraints including spectrum continuity, spectrum contiguity
and the uniqueness of spectrum slice usage—no two demands
use the same slice on the same link—so that the number of
used spectrum slices is minimized. For each light-path d € D,
we consider decision variable zg4;,1 € L(d), which equals to
1 if the light-path [ is chosen and carries the traffic of demand
d, and equals to O otherwise. The utilization of slice s in
the network is characterized by a binary variable y,, s € S.
The formulation of RSA can be expressed as an integer linear
programming problem

min Z Ys

seS
subject to

Z zq = 1,Vd € D, 1)

leL(d)
Z Taayy < Ys,Ve € B,Vs € S, )

leL(e,s)

zq; € {0,1},Vd € D,VI € L(d), 3)
ys € {0,1},Vs € S. )

In this formulation, L(e,s) is the set of light-paths that
pass through the link e and use the slice s, L(d) is the
set of feasible light-paths for demand d, and d(I) is the
demand satisfied by the feasible light-path [. The goal is to
minimize the number of actually used slices (say, the sum of
variables y, in the objective function). Constraint (1) requires
that each demand will use precisely one feasible light-path.
Constraint (2) enforces that there are no collisions of the
assigned resources, i.e., no two light-paths use the same slice
on the same link if a slice s is used.

Because of the constraints (1), we can replace the conditions
za € {0,1},d € D,l € L(d), by the following ones xq €
N,d € D,l € L(d). The linear programming relaxation of this
problem (called the Master Problem (MP)) which removes the
integrality constraint of each variable, can be written as

min Z Ys

seS
subject to

> za=1YdeD, ®)

leL(d)
Ys— > gy >0,Ye € E,Vs € S. ©6)

leL(e,s)

ys <1, Vs €5, @)
xzq > 0,Vd € D,VI € L(d), ®)
ys > 0,Vs € S. 9)

In what follows, we will describe the methodology of
column generation approach for solving this problem. By
taking L'(d) C L(d),d € D, and L' = U,cp L*(d), we
firstly consider the Restricted Master Problem corresponding
to this subset of light-paths, denoted by MP(L')



min Z Ys

seS
subject to

Z zq = 1,Vd € D, (10)

leLl(d)
vs— D Tawau20Ve€E\Vs€S, (11

leLl(e,s)
ys <1,Vs € S, 12)
zg > 0,vd € D,l € L' (d), 13)
ys 2 0,Vs € S. (14)
The dual program of MP(L'), denoted by D(L'), is
max 3 A+ 3
deD ses
subject to
D Mes S1+ps,Vs €S, (15)
ecE
Xa— D > mes <0,¥de D,V e L' (d), 16
ecE(l) seS(1)

Ad ER,Vd € D, 17)
Tes > 0,Ve € E,Vs € S, (18)
ps <0,Vs € 8. (19)

In this program, Mg is the dual variable related to the
satisfying constraints (10) of demand d, u is the dual variable
related to the utilization constraints (12) of slice s, and g,
is the dual variable corresponding to the constraint (11) about
using slice s on edge e.

Suppose that

(5‘7 &, ﬁ-) = (xl’x27 "'7;‘D7ﬂ17ﬁ27"'7ﬁ57ﬁ-17ﬁ27 77Tr|E|*‘S|)

is an optimal solution of the dual problem D(L'). Then, the
following condition is satisfied

Xa— Y. > Fes<0,d€D,l€L(d).
ecE(l) seS(l)

The formula Ag — > cer() 2uses() Tes in the left hand
side is called reduced cost. It is obvious that if the above
condition holds for all I € L(d),d € D (e, (\f,7)
is feasible solution for the dual program of (MP)), then
(X, i, ®) is also an optimal solution of the dual program of
Master Problem. Otherwise, we try to seek for a light-path
I € L(d)\L*(d), for a demand d € D such that

Xd* Z Zﬁ'es>0‘

ecE(l) s€S(1)

(20)

This is called the sub-problem. This sub-problem (also called,
the pricing problem) is a problem of finding, for each demand
d € D, a new light-path | which gives positive (and possibly,
the largest) reduced cost. When a such light-path is found, new
variable x4; corresponding to it will be added to the Restricted
Master Problem. In our column generation implementation, at
each iteration and for each demand, we look for and include

into set L' a light-path which provides the largest positive
reduced cost. If no such light-path exists for all demands, the
algorithm stops (i.e., the Master Problem is solved optimally).
In such case, we will solve the integer linear programming
formulation of the final restricted master problem (RMP) to
obtain an approximate solution for the RSA problem.

The column generation-based algorithm for the RSA prob-
lem is summarized as follows.

Column generation-based algorithm

Step 1. Find initial sets L' (d) of light-paths for each demand

d € D, and set: L" = J,p L' (d).

Step 2. Solve the linear programming problem MP(L') to

obtain an optimal solution as well as an optimal dual solution

(A, @i, ).

Step 3. For each demand d € D, solving the sub-problem

optimally to find a light-path I € L(d)\L'(d), and update

L*(d) := L*(d) U {1}.

Step 4. Iterate steps 2-3 until no light-path satisfying the

condition (20) can be found.

Step 5. Solve the integer linear programming (ILP) formula-

tion of the final restricted master problem (RMP) to have an

approximate solution.
The sub-problem

Solving the sub-problem leads to solving shortest path prob-

lems on a weighted graph. In the current iteration, consider
a fixed demand d with \; > 0, we solve this problem as
follows: for each frequency channel satisfying this demand,
we compute the weight on edges e € F of the graph G based
on the information of 7., that are non-negative values. Then,
the classical Dijkstra algorithm is used to find the shortest path
on this weighted graph. The obtained shortest path combining
with that frequency channel would be a candidate light-path
for satisfying d. Among the light-paths generated in this way,
only one will be added to the MP(L') if that light-path makes
the reduced cost positive and largest.

III. NUMERICAL EXPERIMENT

In this section, we evaluate the performance of our column
generation algorithm on three realistic networks given in the
Fig. 1, namely, (a) COST239 with 11 nodes and 52 links,
(b) NSENET with 14 nodes and 42 links and (c) ITALY
network with 14 nodes and 58 links. In the first network,
we have 20 sample tests, and each has D = 110 demands;
the size of frequency slices is set to 100. In the NSFNET
and ITALY topologies, we have 20 sample tests, and each
has D = 182 demands and the size of frequency slices is set
to 200, which is large enough to accommodate all demands.
The algorithms are written in MATLAB, and are tested on a
computer armed with Intel Core i5 1.6 GHz, RAM 8G. We
used the solver CPLEX 12.8 for the linear program MP(L%),
and the ILP formulation of the last RMP. We also used
the function graphshortestpath in Matlab for finding
shortest paths in the sub-problem. The time for solving the
MILP model of the last RMP is limited to 2 hours.

We will compare the results provided by our column gener-
ation approach with a typical heuristic method, namely First-
Fit algorithm [10]. For each test instance, the heuristic method



(a) (c)

(b)

Fig. 1. Network topologies for evaluation

is run with the parameter £ = 2,3, ...,20. In Table I, II and
III we resume the mean, standard deviation, minimum value
and maximal value of number slices found by the heuristic
method for all parameter & on three networks. To start column
generation, we use the worst solution (the initial light-paths)
provided by this heuristic method corresponding to the case
of k = 2. This solution also provides an upper bound for
the number of used spectrum slices. In these tables: Dual
Bound column denotes the optimal value of Master Problem
(MP), Light-Paths column represents the number of light-paths
generated during the column generation algorithm, CPU time
is reported in second. In this case, we define

Gap(%) =

Min(Heuristic Method) - Slices(Column Generation)
Min(Heuristic Method)

From Tables I, II, and IIT we can see that although the
heuristic method can give feasible solution very quickly,
about 0.69s, 2.62s, and 2.01s on the COST239, NSFNET and
ITALY topology respectively, but the solution quality is not
fine enough. It can be observed that our column generation
method produces far better solutions than the heuristic does
in the majority of cases. On the network COST239, the
difference between the best solution provided by the heuristic
method and the solution of column generation varies from
9.38% to 23% (16.01% in average). On the larger network
NSENET, this varies from 22.33% to 33.85% (27.34% in
average). On the network ITALY, the column generation still
gives better solutions on 17/20 traffic instances except the
ones 3, 5, and 17. In this case the solution gap variation
could be up to 16.18% in the most favorable conditions and
8.04% in average.

Next, comparing the optimal objective for NSFNET and
ITALY networks whose difference is on the number of links,
from Tables II, III and Figure 2 we can see the negative
relationship between number of links in the network and
number of used slices in the solutions provided by the heuristic
method as well as the column generation. Interestingly, we
observe that the large number of links can reduces the solution
gap provided by the two methods.

NET2-MIN (Heuristic)
—»-NET2-CG
-&- NETItaly-MIN (Heuristic) |
—o-NETltaly-CG

Slices

8 12 14 16 18 20
Traffic instance

Fig. 2. Comparative results between NET2 (NSF topology) and NET3 (ITALY
topology)

IV. CONCLUSION

In this paper, we have proposed an efficient column genera-
tion approach for solving the problem of routing and spectrum
allocation (RSA) in flexgrid elastic optical networks. Some
numerical results have demonstrated the efficiency of our
approach in comparison with a widely used First-Fit heuristic.
In future works, we will investigate some branching techniques
to get a Branch-and-Brice scheme for global solution, as well
as compare with the other methods on larger scale networks.
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